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1
Introduction
Soft solids or gels are kinds of viscoelastic materials that resist an external
force by either undergoing deformation—solid-like behavior—or flowing—
fluid-like behavior. Since they can withstand external stress, they macroscop-
ically behave like solids. These materials have amorphous and anisotropic
structures [1–3].
In daily life, many consumer products, such as food, gelatins, pectins, cos-
metics, paints, inks, pharmaceutics, contact lenses and many other goods that
we use are composed of gels [1, 4]. Gels have broad applications in tech-
nology, e.g., photonics crystals, tissue engineering, nano-composites, opto-
electronic devices, organic transistor and sensor technology and light weight
structures [4–7].
Furthermore, in biological systems, we can find many examples of these
solid-like networks, such as bone tissue and cytoskeleton networks [8]. Plant
cell walls are networks of cellulose fibers [9].
Colloidal gels belong to this class of soft materials, which possess amor-
phous or disordered structures. Colloidal gels are aggregates of super-
molecules—such as colloids and polymers—in a liquid phase. The aggregates
of the super-molecules may be formed via chemical reactions or physical in-
teractions. In chemical colloidal gels, strong covalent bonds keeps the par-
ticles together [1]. In physical gels, particles may either self-assemble into
a network—direct assembly—or aggregation is induced by an external field
or a template—indirect assembly [6]. Physical aggregation is reversible. The
interactions between particles in such aggregated networks are usually elec-
trostatic interactions, which are relatively weak [10,11]. Clustering is achieved
by a balance between electrostatic interactions, hydrophobicity, Brownianmo-
tion and hydrodynamics [4, 12].
The direct or self-assembled particles are associated via inter-particle forces
in a network, so that at thermodynamic equilibrium the system assumes its
minimum free energy [6]. Hydrophobic (or hydrophilic) interactions, hydro-
gen bonds, molecular dipoles, pi − pi bondings and shape-induced capillary
forces are such kind of weak intermolecular interactions driving self-assembly.
4 1 Introduction
Telechelic polymers, which are triblock copolymers with the same func-
tionality at the end blocks, and patchy colloids are two examples of particles
with hydrophobic (or hydrophilic) interactions [12–16]. These particles are
composed of a non-dissolvable body with associating groups at the ends—in
telechelic polymers—or on the colloid surface. The tendency of the associat-
ing groups to form aggregates, induces a thermoreversible fractal structure
of particles in solution [4]. We can name various chemical triblock copoly-
mers with the ability of forming self-assembled structures, e.g., poly(methyl
methacrylate)-poly(methacrylic acid)-poly(methyl methacrylate) and silanol-
terminated poly(dimethylsiloxane) [12, 17, 18].
Hydrogen bonds formed in aqueous solutions—for instance in foods and
organic materials—are the main cause of aggregation. The aggregation can be
controlled by tuning temperature and pH of the medium [12, 19]. The pi − pi
bonds can be controlled by the polarity of the solvent [6].
Shape induced capillary forces drive aggregation at the interface of fluids.
Hence, they form quasi-two-dimensional structures. Surface properties, vol-
ume fraction, shape, and aspect ratio of non-spherical particles are essential
factors for self-assembling at the liquid interface [6].
In indirected self-assembly systems, the particles are controlled by means
of either an external mechanical, optical, electric or magnetic field, electro-
magnetic fields (light) or employing a template. For instance, micrometer-size
polymer latex particles can form a 2-D array if they are put between two elec-
trodes in an electric field. In pi−conjugated polymers, light as an electromag-
netic field induces aggregation, which is applied in optical switching [6].
Shear flow, as an example of an external mechanical force field, can prompt
gel-like structure in a colloidal solution [20]. Shear rate and strain, concen-
tration and polydispersity of the particles and inter-particle interactions affect
the network structure [6].
Temperature and pH can induce gel structures, which can be experienced
for example in foods. Another example of pH induced aggregation is metal
nano-particles functionalized with hydrogen bonding ligands (for instance
carboxylic groups) in aqueous solution, in which a decreasing pH increases
the strength of hydrogen bonds [6].
The predefined structures or templates are one-, two- or three-dimensional
modified substrates, which possess active sites that the nano-particles can be
attached to. Close packed crystals of Janus colloidal particles on the pattern of
a kagome lattice (trihexagonal tiling in geometery) are such kind of template-
induced structures [5]. Block copolymers or carbon nanotubes can serve as
templates in microstructures [6].
Among different types of gelation and aggregation, triblock copolymers
possess fascinating mechanical properties, thereby they attracted consider-
able attention in different fields of science and industry. Since their mechan-
5ical properties strongly depend on the degree of association (independent of
the chemical composition [21]), they can be applied as nano-sensors, e.g., the
physical properties of DNA hybrids with dissolvable end-groups are sensitive
to the salt concentration of the solvent [12].
Since these kinds of polymer-gels are used in technical devices, knowledge
about their behavior under mechanical stress, such as shear flow, is impor-
tant and may help to improve their applicability. Our goal is to achieve a
deeper insight into the non-equilibrium properties of telechelic polymer net-
works, therefore we perform coarse-grained simulations in two- and three-
dimensions. We study and analyze the mechanical and clustering proper-
ties of such systems by implementing the multiparticle collision dynamics
(MPC) approach to a simple fluid and molecular dynamics (MD) simulations
for the polymers. For this aim, we divide the thesis into four main parts.
The first part—model description—begins with a brief overview of hydrody-
namic interactions of polymers in chapter 2. Then, in chapter 3, we describe
our mesoscale simulation methods, MPC and MD.
The second part—simulation results—starts with the results of the system
in three-dimensions at equilibrium (chapter 4). In this chapter, we analyze the
node properties and connectivity of the scaffold-like structure at equilibrium.
The results of the sheared three-dimensional system are reported in chapter 5,
where morphological and rheological properties of the structure are analyzed.
In the last chapter of the results part, we present the equilibrium and non-
equilibrium simulation results of a quasi-two-dimensional system (chapter 6).
In the conclusion part, we sum-up and discuss the results (chapter 7). A brief
introduction to graph theory, whichwas used in analyzing the network results
is presented in appendix A.
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2
Hydrodynamic interactions
Soft matter systems, such as gel-like structures, are typically multi-component
systems, where at least the network-forming objects—polymers, colloids,
etc.—are dissolved in a fluid. This fluid significantly influences or even domi-
nates the dynamical behavior of the embedded objects. Fluid motion induced
by the displacement of an embedded particle leads to a dynamical response
of other particles due to the long-range character of the fluid-mediate interac-
tions, which are denoted as hydrodynamic interactions.
A theoretical description of hydrodynamic interactions is challenging be-
cause of the large length-scale difference between a fluid particle, e.g., a water
molecule, and the embedded nano- to micro-meter size particle. Hence, the
fluid is often described in terms of linearized Navier-Stokes equations, which
can be solved analytically.
2.1
Navier-Stokes equation
TheNavier-Stokes equations on large length and time scales of an incompress-
ible fluid read as [22–24]
ρ∇u = 0, (2.1)
ρ
(
∂u
∂t
+ (u ·∇)u
)
= −∇p+ ηs∇2u+ f(t), (2.2)
where p and ηs are pressure and solvent viscosity, respectively. The terms ρ
and u = u(r, t) are mass density and velocity field of the fluid at position r
and time t, respectively. The nonlinear term (u ·∇)u is the convection accel-
eration of fluid. The left hand-side of equation (2.2) expresses the inertia for
the system.
The term −∇p is the pressure gradient. The minus sign outlines that the
force on the fluid is towards the lower pressure. The term ηs∇2u is the viscous
friction. Viscous friction and pressure gradient (−∇p+ ηs∇2u) follow by the
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divergence from the stress tensor, which is defined as
σ = −pI+ T. (2.3)
The tensors I and T are the identity tensor and deviatoric stress tensor, respec-
tively. The gradient of the shear stress tensor gives ∇T = ηs∇2u. The last
term in equation (2.2), f(t), is an external volume force, e.g., gravity.
To describe hydrodynamic interactions, where nano- to micrometer size ob-
jects are dissolved in a fluid, the convection term is typically neglected, i.e.,
low Reynolds number fluids are considered [22], or the inertia term is ne-
glected and the equation (2.2) turns into the Stokes equation.
2.2
Stokes-Einstein relation
In a viscous medium, to drag a moving particle with a constant velocity v, a
constant force proportional to the particle’s velocity, F = ζv, is required. The
coefficient ζ is the friction coefficient [25, 26].
The diffusion coefficient, D, of a moving particle in an inert fluid is obtained
by the Nernst-Einstein relation
D =
kBT
ζ
, (2.4)
which shows that diffusion is related to friction. The friction coefficient of a
sphere with radius RS is obtained by Stokes formula
ζ = 6piηsRS. (2.5)
Combining equations (2.4) and (2.5) gives Stokes-Einstein equation for the dif-
fusion coefficient of a sphere
D =
kBT
6piηsRS
, (2.6)
where RS is Stokes radius. Equation (2.6) indicates that diffusion depends on
temperature. The higher the temperature, the faster the diffusion. For the
particles with smaller radii and the solvent with lower viscosity, the diffusion
is faster.
2.3
Hydrodynamic radius
A Stokes radius can also be defined for anisotropic particles in suspensions.
The diffusion coefficient D is considered to be the center-of-mass diffusion
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coefficient, which can be calculated for different particles. Then the hydrody-
namic radius RH is given by
RH =
kBT
6piηsD
, (2.7)
which is equal to RS for spherical particles.
2.3.1
Hydrodynamic radius for a polymer chain
When a polymer with Nm monomers moves in a solvent, each monomer of
the chain experiences friction from the solvent particles. The total friction is
proportional to Nνm, where ν is a number smaller than unity, ν < 1. Hence, the
friction on the polymer is smaller than the friction on N individual monomers
that are moving independently. This is due to hydrodynamic interactions, i.e.,
when a polymer chain is moving, themotion of eachmonomer causesmotions
of adjacent solvent molecules in the same direction.
Themagnitude of hydrodynamic interactions between two particles at r and
r’ depends on the distance between them and is reciprocally proportional to
|r− r’|. In comparison to the other types of interactions (e.g., Lennard-Jones
potential) in the system, hydrodynamic interactions are long-range interac-
tions. Since the particles are close together in a chain, the |r− r’|−1 is consid-
erable.
It can be shown that the hydrodynamic radius is [25]
1
RH
=
1
N2m
〈
Nm
∑
m #=n
1
|rm − rn|
〉
. (2.8)
The average is taken over all configurations of the chain. In a good solvent,
RH ∝ Nνm, with nearly ν = 0.59 [26].
2.4
Dynamics of a rodlike molecule
Rodlike polymers exhibit a different dynamics from that of flexible ones. They
can perform rotational and center-of-mass translational motion. Therefore,
we can define rotational and translational diffusion coefficients for them. The
center-of-mass translation of the rodlike particles can be divided in a motion
along the rod axis and perpendicular to that. Therefore, the translational dif-
fusion coefficient has two components, D|| and D⊥. The perpendicular and
parallel translational diffusion coefficients are [27]
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D|| =
kBT
[
ln (Lr/lb)− ψ||
]
2piηsLr
, (2.9)
D⊥ =
kBT [ln (Lr/lb)− ψ⊥]
4piηsLr
, (2.10)
where Lr and lb are polymer length andmonomer size, respectively. The terms
ψ||,⊥ are correction factors for the geometry of the particle, which are given
by [27,28]
ψ⊥ = 0.839+ 0.185(lb/Lr)− 0.233(lb/Lr)2
ψ|| = −0.207+ 0.980(lb/Lr)− 0.133(lb/Lr)2. (2.11)
The motion along the rod axis is a one-dimensional motion, while in the direc-
tion perpendicular to rod axis is two-dimensional, since we have two degree
of freedom in perpendicular direction. For very long rods, i.e., lb/Lr → 0, in
parallel direction the diffusion is faster, since D|| = 2D⊥.
The isotropic average of D|| and D⊥, DG = (D|| + 2D⊥)/3, gives the three-
dimensional diffusion coefficient
DG =
kBT [ln (Lr/lb)− ψ]
3piηsLr
, (2.12)
with ψ = ψ|| + ψ⊥.
We can find the hydrodynamic radius RH of the rodlike polymer by using
equation (2.12) as
RH =
Lr/2
ln (Lr/lb)− ψ , (2.13)
which outlines that RH increases approximately linearly with polymer length,
since the changes in ln are not pronounced.
The rotational diffusion coefficient Dr was obtained for a rodlike polymer
with N beads by Kirkwood as [25]
Dr =
3kBT [ln (Lr/lb)− ψr]
piηsL3r
, (2.14)
where ψr = −0.662 + 0.917(lb/Lr) − 0.050(lb/Lr)2. The model is valid for
rods with aspect ratio of 3 < (Lr/lb) < 20.
End-functionalized rodlike colloid suspensions under shear flow. Farzaneh.Taslimi
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3
Simulation methods
Powerful and efficient computational approaches play a fundamental role in
applied science and engineering, enabling systematic studies of abroad range
of soft-matter systems. Numerical simulations allows us to cover a broad
range of length scales and complexity and probe physical behavior of sys-
tem under a set of varying parameter conditions. Numerical techniques make
it feasible to measure the system properties locally within molecular scales
(meso-, nano- and even sub-nano scales), where experimental approaches
may be limited. In this chapter we describe a recently developed hybrid sim-
ulation method, multiparticle collision dynamics (MPC), in combination with
molecular dynamics simulations (MD). MPC is an efficient mesoscopic coarse-
grained simulation scheme that models a fluid as point particles [29]. We
present the relevant features of these two computational approaches with re-
spect to simulations of suspensions of end-functionalized rodlike colloids.
3.1
Molecular dynamics simulations
In classical mechanics the dynamics of point particles is governed by New-
ton’s equations of motion. The equations of motion for a system consisting of N
particles of masses mi and the positions ri (i = 1, 2, ...,N) are
mi
d2
dt2
ri = Fi , (3.1)
where Fi is the net force acting on the i-th particle and is obtained from the po-
tential energy U via Fi = −∇U(ri). Molecular dynamics simulations provide
a solution of Newton’s equations of motion for the particles in the system and
thereby supplies the time evolution or dynamics of the system.
The standard technique to integrate the equations of motion is the velocity
Verlet algorithm that updates the positions and velocities of the particles at the
time t+ ∆tMD according to [30, 31]
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ri(t+ ∆tMD) = ri(t) + vi(t)∆tMD +
Fi(t)
2mi
∆t2MD,
vi(t+ ∆tMD) = vi(t) +
Fi(t+∆tMD)+Fi(t)
2mi
∆tMD.
(3.2)
This algorithm is time reversible and energy conserving for conservative
forces. Before calculating the velocities and the positions, the forces should
be updated. In our system—suspension of semiflexible rods—there are three
kinds of interactions between the solute particles, which are described as fol-
low:
Bond potential Polymers are composed of a number of monomers, Nm, con-
nected by harmonic bonds with a finite equilibrium bond length lb. The har-
monic potential between two bonded monomers of distance rij = |ri − rj| is
Ub(rij) =
1
2
κb
(
rij − lb
)2 , (3.3)
where κb is the spring constant [32, 33].
Bond bending potential In order to control the stiffness of the polymers , we
apply the bond bending potential,
Ubend(ri) =
1
2
Kbend
Nm−1
∑
i=1
(Ri+1 −Ri)2 , (3.4)
where Ri = ri+1 − ri is the bond vector between successive monomers. The
bending constant Kbend describes the stiffness of the polymer and is related to
the persistence length lp via Kbend = lpkBT/l3b.
The force from the bending potential is
F(i)bend = −
∂Ubend
∂ri
. (3.5)
Since the bending force on the i-th particle depends on the position of the first
and the second neighbor beads, we divide the chain into three parts: the body
part, the first and the second end-monomers. We attain the force for the body,
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the first and the second end-monomers, respectively, as follow [34]:
F(i)bend =

ri+2 − 4ri+1 + 6ri − 4ri−1 + ri−2 for i = 2, ...,Nm − 3
ri − 2ri±1 + ri±2 for i =
{
0
Nm − 1
−2ri∓1 + 5ri − 4ri±1 + ri±2 for i =
{
1
Nm − 2 .
(3.6)
Excluded volume interactions In our polymermodel, two differentmonomers
cannot interpenetrate, which is known as excluded volume effect, hence each
monomer has a certain diameter σ. To provide this condition in the system,
we apply the Lennard-Jones potential between the non-bonded monomers
ULJ(rij) =
 4*
[(
σ
rij
)12 − ( σrij )6 +U0
]
rij < rc
0 rij > rc,
(3.7)
where * is the minimum value of the potential and represents the potential
strength (see Fig. 3.1). The terms r−6 and r−12 correspond to the attractive
and the repulsive part of the monomer interactions, respectively. For rij < σ,
the repulsion between two particles increases dramatically (excluded volume
effect). The minimum of the Lennard-Jones potential occurs at rij =
6√2σ. For
rij <
6√2σ the repulsive term plays the dominant role, therefore, in order to
have purely repulsive potential, we take this distance as cutoff radius rc. The
term U0 is inserted to shift the potential up and make it zero at rij = rc to
keep the potential continuous at rij = rc. The magnitude of U0 depends on
the cutoff radius (rc),
U0 = −
[(
σ
rc
)12
−
(
σ
rc
)6]
. (3.8)
The end monomers of the polymers, mutually attract each other. The attrac-
tion between the sticker sites is also described by the Lennard-Jones potential
of equation (3.7), however with a different cutoff radius rc and potential depth
*. We implement the cutoff radius as rc = 2.5σ, to have attraction and avoid
time consuming calculations1.
1) The attractive tail of the potential decays like r−6, therefore, if
rij = 3σ, the potential value is 0.5% of its value at rij =
6√2σ. Hence,
for larger distances the potential can be neglected.
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Fig. 3.1 Lennard-Jones potential with minimum at rij =
6√2σ.
3.1.1
Neighbor list
The calculation of the pairwise interactions is a massive computation of the
order O(N2) operations. A proper way to reduce the number of calculations
increases the efficiency of the algorithm. We tackle this challenge by employ-
ing a Verlet neighbor list [30,31]; for the i-th particle, we consider a sphere of ra-
dius rc +∆r around it (see Fig. 3.2). All the particles that are inside this sphere
are listed in the i-th particle’s neighbor list. Therefore, to find the interacting
particles for the Lennard-Jones potential, instead of checking the distances be-
tween all particles, we merely calculate the distances between the i-th particle
and its neighbors in the Verlet neighbor list.
We update this list when the particles have traveled a distance ∆r/2. ∆r
must be optimized. Large ∆r means more particles in the list, and small ∆r
requires more frequent updates. The use of a Verlet neighbor list reduces the
computational load to the order O(N).
3.2
Multiparticle collision dynamics
Multiparticle collision dynamics, MPC, is a mesoscale simulation method for
fluids that was introduced by Malevanets and Kapral in 1999 [29, 35–37]. In
this technique, instead of calculating pair interactions between individual
fluid particles, simultaneous multiparticle collisions are considered in colli-
sion cells. In MPC, mass, energy, and momentum are conserved on the col-
lision cell level. Therefore, this simulation method captures both hydrody-
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Fig. 3.2 Verlet neighbor list in 2-D. The particles that are inside the highlighted circle of radius
rc + ∆r are listed in the neighbor list of the central particle.
namics and thermal fluctuations [37]. The MPC fluid fulfills the compress-
ible Navier-Stokes equations for a Newtonian fluid on large length scales
[23,29, 38]. MPC consists of two steps: a streaming and a collision step.
Streaming step The fluid is composed of N point particles of equal mass
m, with the positions ri and the velocities vi (i = 1, ...,Ns). In the streaming
step, the particles move ballistically during a time increment h, which is called
collision time (Fig. 3.3). The new positions of the particles after streaming are
ri(t+ h) = ri(t) + hvi(t). (3.9)
If an external flow field is applied, an extra velocity term has to be added to
the velocity of the particles in this step.
Collision step In theMPC collision step, the particles interact with each other
by a stochastic process. As we mentioned before, momentum has to be con-
served locally for hydrodynamics, thus the collisions have to fulfill this con-
dition. Therefore, we divide the simulation box into smaller cubic cells of size
a, which are called collision cells, and sort all particles into these cells. There
are two rules for the collisions in these cells: (i) the particles in one cell can
collide merely with the other particles in that particular cell, (ii) each particle
interacts with all other particles in the cell.
Imagine a box with a number of balls inside—they may be billiard balls—
which collide elastically. If we shoot the balls towards each other to collide
and compare their properties at times t1, just before collision, and t2, right after
collision, we find that the total momentum and energy are conserved, and the
center of mass velocity remains constant. Therefore, if we go to the center-of-
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Fig. 3.3 Streaming step of the multiparticle collision dynamics method (MPC) in two dimen-
sions. The particles move ballistically.
mass reference frame and look at the collisions again, the particles’ velocity
vectors are rotated after collision. This is what is implemented in the MPC
collision step. In the MPC collision step, the elastic collision of the particles is
generalized and coarse-grained. Instead of considering only pair collisions, in
the Stochastic Rotation Dynamics (SRD) version of MPC, the velocities of the
particles in a collision cell are updated by rotating them around an arbitrary
vector in the center-of-mass frame. Thereby, we first calculate the center-of-
mass velocity for each cell:
vcm,i(t) =
∑(i)j mjvj(t)
∑j mj
, (3.10)
where vj(t) is the velocity of particle j located in the cell i at time t. Then, we
rotate the velocity of the j-th particle in the center-of-mass reference frame by
an angle α (See Fig. 3.4 a)
vj(t+ h) = vcm,i(t) +((α)
[
vj(t)− vcm,i(t)
]
. (3.11)
((α) is the stochastic rotation matrix and can be defined by the Euler rotation
matrix around the arbitrary unit vector u = (ux, uy, uz) [39]
((α) =
 c+ u2x (1− c) uxuy (1− c)− uzs uxuz (1− c) + uysuyux (1− c) + uzs c+ u2y (1− c) uyuz (1− c)− uxs
uzux (1− c)− uys uzuy (1− c) + uxs c+ u2z (1− c)
 ,
(3.12)
where c = cos α and s = sin α. For each cell and each MPC simulation step,
we define a random rotation vector u [40]. By updating the velocities through
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Fig. 3.4 MPC collision step: (a) rotating the velocity of particle j in the i-th cell (vj(t) −
vcm,i(t)) in a reference frame co-moving with the center-of-mass by the angle α. (b) Random
shift of the collision-cell grid. L is the simulation box size and a is the collision cell size.
this procedure, energy and momentum remain conserved, but angular mo-
mentum is not2.
3.2.1
Random shift
As previously mentioned, in the MPC collision step, the particles are sorted in
collision cells and solely interact with the particles located in their cell. When
the mean free path of the particles λˆ = h is smaller than the cell size a, the
particles move slowly and have little chance to leave the cell. Moreover, if
we change our reference frame—for example consider a frame moving with
a constant velocity—then the particles will see and interact with some other
particles, which affects the results. Thereby, the Galilean invariance [43] is de-
stroyed. To overcome this problem, a random shift is applied to the collision
grid before execution of the collision step [38, 44, 45]. This is implemented by
shifting all particles along a random vector; its components are random num-
bers chosen from a uniform distribution in the interval [−a/2,+a/2]. After
the collision, the particles are shifted back to their original positions (Fig. 3.4
b).
2) Alternative collision rules have been proposed, which allow for an
implementation of angular momentum conservation [41, 42].
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3.3
Hybrid algorithm
In the previous sections (3.1 and 3.2), two simulation algorithms were intro-
duced: the MD and MPC methods. These two schemes can be combined to
simulate complex fluids. Thereby, we simulate the fluid particles by MPC and
the objects dissolved in the fluid by means of MD and also MPC. The solute–
fluid interaction is taken into account in the MPC collision step. Therefore, the
velocities of the solute particles are updated in both, MD and MPC steps—the
positions in the MD streaming step and velocities in MPC collision step.
We consider the monomer size (segment size) as large as the collision cell-
size, i.e., σ = a. Consequently in a collision cell, we typically do not have
more than one monomer. The solvent particles can penetrate the monomer,
which is placed in their collision cell. MPC treats the monomers in the same
way as the fluid particles [46, 47]. The center-of-mass velocity of a cell, with
one monomer inside is
vcm,i(t) =
Mkvmk (t) +∑
(i)
j mjvj(t)
Mk +∑j mj
, (3.13)
where Mk and vmk (t) are mass (which is larger than a fluid particle mass) and
velocity of the k-th monomer, which is inside the i-th cell, respectively. Alter-
natively Kapral et al. [35, 36] introduced an interaction force between solvent
and solute particles in the collision step. In order to treat this force appro-
priately, we need to execute several MD integrations during one MPC step
h [48].
As mentioned before, MD is indeed integration of the equations of motion,
therefore, the shorter the MD time step, the more accurate the integration. On
the other hand, choosing shorter time steps requires more calculations, which
is less efficient. In our simulations, we consider N = h/∆tMD = 20 MD time
steps between two MPC collisions.
3.3.1
Thermostat
Since the MPC algorithm conserves kinetic energy and momentum for the
closed systems, we can calculate a uniform temperature via the equipartition
theorem. We can set the energy to a desired value at the beginning of the
simulation. Monitoring the energy (temperature) during the simulation (it
has to remain constant) is a way to check the validity of the MPC algorithm.
The application of an external field destroys momentum and energy conser-
vation in the system and consequently may change the temperature. There-
fore, in order to fix the temperature, we have to thermalize the system [49,50].
The applied thermostat should conserve the momentum locally. Hence, we
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use a cell-level thermostat to fix the temperature in each collision cell. At
equilibrium, the velocity distribution function of the particles is a Maxwell-
Boltzmann distribution
P(v) =
(
m
2pikBT
)3Nic/2
exp
− m
2kBT
Nic
∑
j=1
v2j,i
 , (3.14)
where Nic is the number of solvent particles in the i-th cell, which is in average
ρ. The mean kinetic energy of particles in a cell over time is given by
Ek =
1
2
m
〈
Nic
∑
j=1
∆v2j,i
〉
=
3
2
(ρ− 1) kBT (3.15)
with ∆vj,i = vj,i − vcm,i. Integration over the velocities yields the distribution
for the kinetic energy [49, 51]
P(Ek) =
1
EkΓ( f/2)
(
Ek
kBT
) f/2
exp
(
− Ek
kBT
)
. (3.16)
Γ is the gamma function and f = 3(Nic− 1) indicates the number of degrees of
freedom. To rescale the velocities on a cell level, we take an Ek from the distri-
bution P(Ek)—the gamma distribution—for each cell. By applying a scaling
factor ci
ci =
√√√√√√
2Ek
m
Nic
∑
j=1
∆v2j,i
, (3.17)
we rescale the velocities and obtain the new velocities ∆v′j,i = ci∆vj,i to achieve
the desired temperature.
We do local rescaling, i.e., for each collision cell we apply a rescaling fac-
tor ci by choosing a random number from the gamma distribution P(Ek)—
equation (3.16)—and rescaling the relative velocities of the solute and solvent
particles with respect to the cell center-of-mass velocity. Applying the ther-
mostat is costly, therefore, we rescale the velocities only in non-equilibrium
simulations and after several hundred MPC time steps (two hundred MPC
time steps at large γ˙).
3.3.2
Units
Since a detailed, fully atomistic modeling of the solvent and solute molecules
is expensive in simulations, we consider coarse-grainedmodels for themolecules.
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In coarse-grained modeling, we consider all the particles in the system (sol-
vent and solute particles) as point particles. If we represent the particles in
this way, it is not necessary to work with the absolute value of physical quan-
tities in their standard metrics. Thus we define new dimensionless variables
that define the relevant length, mass, energy, and time scales associated to the
system:
• Length: a; MPC collision cell size
• Mass: m; mass of a fluid particle
• Energy: kBT
• Time:
√
ma2/kBT.
The parameters of our simulations in these units are listed in Tab. 3.1
Symbol Description Value in simulation units
L simulation box size 50 a and 80 a
α rotation angle 130◦
h MPC time step 0.1
√
ma2/kBT
∆tMD MD time step 0.005
√
ma2/kBT
M Monomer mass 10 m
lb polymer segment length 1 a
ρ fluid particle density in cells 10 a−3
κb bond spring constant 5000 kBT/a2
Kbend bending constant 50 kBT/a2
* Lennard-Jones potential depth 1 kBT(pure repulsive), more than 1 kBT (attractive ends)
ηs fluid viscosity 8.7
√
mkBT/a2
Tab. 3.1 List of the simulation parameters in simulation units.
3.3.3
Boundary condition
In simulating a physical system, we are limited, i.e., in the addressable system
size a restricted number of particles can only be considered, since two impor-
tant parameters prevent us to deal with massive systems: computer power
and simulation time. For instance, it is impossible to simulate a bulk fluid
system, or even a system with one Mol (O(1023)) of particles. By consider-
ing a small part of a bulk system, finite size effects may lead to deviation of
the simulation results from the measured quantities. On the other hand, in
a system confined by walls, the particles close to the borders have a smaller
number of neighbors than particles that are located in the middle of the box,
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Fig. 3.5 Illustration of periodic boundary conditions in two dimensions [31]. When a particle
leaves the simulation volume, it enters the box through the opposite face of that box. The
minimum image convention is indicated here by the shadowed circle. Particles interact with all
particles and images in the minimum image region.
therefore, they experience different forces. We circumvent surface effects by
using periodic boundary conditions.
Using periodic boundary conditions, we replicate our simulation box in all
directions and create a virtual infinite lattice of our system. When one particle
moves in the simulation box, all images of that particle in other virtual boxes
move in the same direction. If one particle leaves the simulation box, its image
will enter the box through the opposite side, hence the number of particles
remains constant during the simulation [31].
To reduce the numerical efforts, an interaction range for the particles is de-
fined. Each particle can interact with all particles that are within its interaction
range. The interaction range depends on the type of the interactions between
the particles. Particles can also interact with the images, which are inside their
interaction ranges, thus, surface effects will be eliminated. This is called mini-
mum image convention (see Fig. 3.5). The interaction range should be less than
L/2 to prohibit particles to interact with their own images.
3.3.4
Periodic boundary conditions in non-equilibrium situations
One of the main objectives of our simulations is to study of the system be-
havior under shear flow. Shear flow can be imposed in the system in two
ways. In the first one, the simulation box is placed between two confining
walls, and the walls move in opposite directions with a constant relative ve-
locity. The second approach is a modification of the periodic boundary con-
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Fig. 3.6 (a)Illustration of Lees-Edwards boundary conditions for a simulation box under shear
flow. The upper and lower virtual boxes move in opposite directions with shear velocity ux.
If a particle enters the upper or lower boxes, the box velocity will be added to its velocity.
(b)Velocity gradient; the flow velocity is a linear function of the position in y direction. γ˙ is the
shear rate.
ditions, by moving the upper and lower replicated simulation boxes in oppo-
site directions (Fig. 3.6); this is called Lees-Edwards periodic boundary condi-
tions [31, 52]. In this situation, we create a velocity gradient in the simulation
box perpendicular to the shear direction.
When a particle crosses one boundary, it comes back through the opposite
boundary, but because of the movement of the boxes, the displacement of
the particle and its image along the shear direction is δx = uxh, where ux =
γ˙L is the shear velocity. The shear velocity is added to the velocity of the
particle entering the original box. The average velocities of the particles in the
shear direction is then a linear function of their positions in the shear gradient
direction,
〈vx〉 = γ˙y, (3.18)
where γ˙ is the shear rate.
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3.3.5
Viscosity
The total viscosity ηs of a MPC fluid consists of two terms, the kinetic ηkin and
collisional ηcoll viscosity, i.e.,
ηs = ηkin + ηcoll. (3.19)
In three dimensions [53–57], these two terms can be calculated and are given
by
ηcoll =
√
kBTa2/m
λˆ
(1− cos α)
18
(
1− 1
ρ
)
ηkin = λˆ
√
kBTa2/m
[
1
(4− 2 cos α− 2 cos 2α)
5ρ
ρ− 1 −
1
2
]
,
(3.20)
where ρ is the average number of fluid particles in a collision cell. For systems
of small ρ, density fluctuations have pronounced affects and should be con-
sidered in the viscosity calculations. For the system of ρ = 10 these effects are
negligible [54, 56].
3.3.6
Stress tensor
In a system composed of N point particles, the i-th particle feels non-
hydrodynamic forces Fi from the other particles of the system [55,58–63]. The
stress tensor caused by these forces can be derived from the general Kirkwood
formula [64]:
σ = − 1
V
N
∑
i=1
ri ⊗ Fi, (3.21)
where V denotes volume of the system and the operator ’⊗’ is tensor product,
which is defined as (x ⊗ y)αβ = xαyβ. The expression for the stress tensor
depends on the properties of the complex fluid. The instantaneous internal
stress tensor has been derived for a polymer in a MPC solution with periodic
boundary conditions [55] as:
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σinterαβ = −
1
V
Ns
∑
i=1
mvˆiαvˆiβ − 1V
Np
∑
ν=1
Nm
∑
k=1
Mkvˆνkαvˆ
ν
kβ
− 1
hV
Ns
∑
i=1
∆piαr′iβ −
1
Vh
Np
∑
ν=1
Nm
∑
k=1
∆pνkαr
′ν
kβ
− 1
2V
Np
∑
ν=1
Nm
∑
k,l=1
Fνklα
[
rνkβ − rνlβ
]
− 1
2V
Np
∑
ν,µ=1
Nm
∑
k,l=1
∑
n
Fnνµklα
[
rνkβ − rµlβ −Rnβ
]
.
(3.22)
In equation (3.22), Np denotes the number of dissolved polymers. The vˆiα
represents the α-th component (α ∈ {x, y, z}) of the i-th particle velocity before
the collision, and r′iβ indicates the position of that particle after collision in the
primary box (shadowed box in Fig. 3.5).
The first two terms of equation (3.22) are the kinetic stresses and calculated
during the MPC streaming step. The following two terms are the collisional
contributions and calculated right after the collision step. ∆pi is the trans-
ferred momentum for each particle. The last two terms denote the coun-
terparts of the interactions between the solute particles. The penultimate
one outlines the intra- and the last one the inter-polymer interactions. The
rνiαs are the absolute positions of the solute particles, i.e., the position of the
particles without applying periodic boundary conditions. The lattice vector
Rn = (nxLx, nyLy, nzLz)T [55], is applied to obtain the minimum-image dis-
tance.3. We calculate the average of equation (3.22) over all collision steps to
obtain the macroscopic stress tensor.
For the flow gradient component of the stress tensor σinterxy , we have to con-
sider the shear flow effects on the particles velocities. Therefore, σinterxy for the
solvent particles is rewritten as [55]
σinterxy = − 1V
Ns
∑
i=1
mvˆ′ixvˆiy −
γ˙h
2V
Ns
∑
i=1
mv2iy −
1
Vh
Ns
∑
i=1
∆pixr′iy. (3.23)
3) Lαs denote the box size along the respective Cartesian coordinate,
and the nαs are integer numbers.
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Fig. 3.7 End-functionalized semiflexible polymers. The end monomers (mauve beads) attract
each other and the other non-bonded monomers repel each other.
The viscosity of the system under shear flow is calculated by using the stress
tensor component σxy by
η =
〈
σinterxy
〉
γ˙
, (3.24)
where the flow direction and gradient directions are the x and y directions,
respectively.
3.4
Polymer model parameters
In the previous sections, we have described the interactions and simulation
approaches that we employ to model a suspension of semiflexible polymers
with adhesive ends in a homogeneous solvent. Each rodlike polymer consists
of Nm = 10 or 15 monomers. The spring constant is κb = 5000kBT/a3, and the
persistence length is lp = 50a. The other interactions between monomers are
described by a Lennard-Jones potential: the non-bonded body monomers re-
pel, and the end monomers mutually attract each other. A repulsive Lennard-
Jones potential describes the interactions between body-body and body-end
monomers. The larger cut-off radius rc = 2.5σ of the Lennard-Jone potential
leads attraction among the adhesive ends (Fig. 3.7). These end-functionalized
rods self-assemble into complex scaffold-like networks [65], which are ana-
lyzed in following chapters.

End-functionalized rodlike colloid suspensions under shear flow. Farzaneh.Taslimi
III Simulation results

End-functionalized rodlike colloid suspensions under shear flow. Farzaneh.Taslimi
31
4
Equilibrium properties
In this chapter, we study and analyze the equilibrium properties of our sys-
tem of end-functionalized rodlike polymers. In the first three sections of this
chapter, we present simulation results for a cubic system of size L = 50 a and
polymers of length Nm = 10, which are suspended in a homogeneous sol-
vent. In section 4.1, we analyze the scaffold-like structure of a system with
926 semi-flexible rods or volume fraction φ = 0.039 and attractive potential
strength * = 3.5 kBT. The monomer volume fraction is defined as
φ =
number o f solute particles× volume o f one monomer
simulation box volume
. (4.1)
Section 4.2 reports the structure formation of a system with the adhesion
strength * = 3.5 kBT for various volume fractions φ. Next in section 4.3, we
report the effects of the attraction strength on the node formation, and finally
in section 4.4, the role of the aspect ratio is discussed for a system with 2530
rods of length Nm = 15 and system size L = 80 a.
4.1
Scaffold-like structure
The end groups of functionalized rods adhere to ends of the other rods, due
to physical or chemical interactions [66, 67]. Since both ends of a rod have the
same functionality, these polymers are denoted as telechelic polymers. Unlike
the body part of the telechelic polymer, the linkers may not be dissolvable in
the fluid, e.g.; block copolymers with hydrophobic extremity in an aqueous
solvent [67, 68].
The interaction between the end-monomers is of short-range character.
When the distance between the sticker sites is less than the cut-off radius rc, as
defined in the section 3.1, they attract each other. By the nature of the attrac-
tive part of the Lennard-Jones potential, the end-to-end attractive interactions
depend on the distance between the particles. Therefore, we define an at-
traction distance r′c. If the distance between two particles becomes less than
r′c = ζ ′ +
6√2σ (the minimum of the Lennard-Jones potential is at rij = 6
√
2σ),
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(a) (b) (c)
Fig. 4.1 Different types of temporary bonds: (a) A bundle of polymers links two cross-links
together. (b) A bridge is formed by two bundles of polymers. (c) A node is formed by three or
more bundles of polymers. The end-monomers of one cross-link are displayed by the same
color.
they form a temporary bond or cross-link. In short-range interactions—such as
van der Waals forces, surface chemistry, hydrophobic interactions and deple-
tion interactions—the range of the attraction is considered—in experiments—
as ζ ′ < 0.1lb [66, 69, 70]. Hence, in our simulations, we considered r′c =
0.1lb +
6√2σ ≈ 1.22a.
Depending on the number and orientation of the polymers bonded together,
different types of joints can be defined as follow
• Bundle: A bundle of polymers consists of one or more polymers
that are bonded together and link two cross-links, i.e., the end-
monomers of each side of a bundle aremember of the same cross-links
(Fig. 4.1 (a)).
• Bridge: The joint point of two bundles of polymers is denoted as a
bridge (Fig. 4.1 (b)).
• Node: When three or more distinguishable bundles join together, we
call the formed cross-link a node (Fig. 4.1 (c)).
We start the simulation from an equilibrated monodisperse solution of rod-
like polymers, with randomly distributed orientations without any attrac-
tion of their end-monomers. When we turn the adhesive potential on, the
rods start aggregating and form temporary bonds (cross-links). Next bundles,
bridges and nodes are formed gradually. The connected nodes and bridges ag-
gregate and form triangles and eventually a scaffold-like structure as shown
in Fig. 4.2, which is similar to the structure obtained by Chelakkot. et. al. [65].
The structure is a homogeneous and isotropic network [71, 72]. The space be-
tween the rods is filled by solvent particles.
As the structure is formed, it does not significantly change with time any-
more, although the number of nodes and bridges fluctuate. Hence, it is a
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Fig. 4.2 Scaffold-like structure at equilibrium. The end-functionalized particles self assemble
into a complex space-spanning network at equilibrium (φ = 0.039 and * = 3.5 kBT).
stable polymer aggregate. If we turn off the adhesive potential, after several
hundred time steps, the rods segregate again. Then the self-organized struc-
ture disappears and the system relaxes back to the random polymer solution.
Therefore, this is a stable and reversible polymer-gel aggregate [73].
As it can be seen in Fig. 4.2, the rods orient randomly, i.e., their end-to-
end vectors are uniformly distributed in all directions, but there is a preferred
angle between the end-to-end vectors of two neighboring rods. Figure. 4.3 il-
lustrates that the most probable angle between two rods touching at their ends
is 60◦, which indicates that the system is composed of equilateral triangles of
rods. It also indicates that we can rarely find two rods with an angle less than
45◦ (cos θij > 0.7) in the structure. The sharp peak at θij = 0◦ (cos θij = 1)
arises from the parallel rods forming bundles, which contribute in the node
formation.
At equilibrium (fixed temperature), three main parameters govern the
structure formation: the volume fraction of rods, the adhesion strength and
the attraction range ζ ′ [66,74]. We consider a fixed attraction range and discuss
the effects of density and attraction strength in the following sections.
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Fig. 4.3 Distribution of the angles between the end-to-end vectors of two end-touching rods.
The most probable angle is θij = 60◦ (cos θij = 0.5), which illustrates that a triangular lattice
and, hence, a scaffold structure is formed. The pronounced peak at θij = 0◦ (cos θij = 1) is
due to bundles of parallel rods. (φ = 0.039 and * = 3.5 kBT)
4.1.1
Structure factor
The static structure factor, S(q), provides insight into the microscopic struc-
ture of a system. S(q) is the macroscopic response of the system in scatting
experiments. It is defined as [26, 75]
S(q) =
1
Nt
Nt
∑
i=0
Nt
∑
j=0
〈
exp
[
iq.
(
rj − ri
)]〉
, (4.2)
where Nt is the total number of monomers in the system and q is the scattering
wave vector with the magnitude q = 2pi/λ (λ is the wavelength). For an
isotropic system, equation (4.2) can be rewritten as
S(q) =
1
Nt
Nt
∑
i=0
Nt
∑
j=0
〈
sin(qrij)
qrij
〉
, (4.3)
with rij = |rj − ri|. In calculating rij, we have to take care about the minimum
image distances in the periodic system. We calculate the static structure factor
for: the monomers inside the chains (intra-chain structure factor); the end-
monomers of the chains (inter-chain end-monomer structure factor).
Figure 4.4 shows the intra-chain static structure factor. It does not depend
on the attraction strength between the end-groups. The wave number q can
4.1 Scaffold-like structure 35
0.1
1
10
0.1 1 10
S
(q
)
qa
x−1.79x−1.09
0
0.8
1.6
2.4
0 0.4 0.8 1.2 1.6
(q
/
2pi
)2
S
(q
)
qa/2pi
! = 1.5
! = 2.5
! = 3.5
! = 4.5
Fig. 4.4 Intra-chain structure factor. The peak at qa ≈ 2pi is due to the bonds between the
bonded-monomers in a chain. The solid lines indicate slopes of the intra-chain structure factor.
The inset is the same plot in the Kratky representation.
assume arbitrary values between 0 ≤ q ≤ Lr, where Lr is the rod length.
As illustrated in Fig. 4.4, the intra-chain structure factor decays as S(q) ∼
(qa)−1/ν over a certain q range [33, 47]. For larger length scales, 1/Lr < qa <
pi/2, it decays with ν ≈ 1, which means that the polymers behave like stiff
rods (ν is indeed slightly smaller than unity, since the rods are semiflexible
with a high persistence lengths). At shorter length scales, pi/2 < qa < pi,
the chain structure factor decreases stronger, with ν ≈ 0.6 (1/ν ≈ 1.7), which
means that the rods behave as flexible polymers. This is the effect of coarse-
graining that on short length scales (≈ lb) the chain is more flexible [76, 77].
The peak at qa = 2pi (λ ≈ a) in the structure factor is due to the bonds
between the two bonded-monomers inside the chains.
The end-monomer static structure factors for systems of various adhesion
strengths are shown in Fig. 4.5, which indicates the trends of the network
structure. In the calculations of S(q) for the end-monomer part, the wave
vectors q can merely take integer multiples of the wave number 2pi/L, i.e.,
{qx, qy, qz} = 2pi j/L, where j = 1, 2, ..., L/a.
As shown in Fig. 4.5, one can find several peaks in the structure factor of the
end-monomers. For a polymer solution with * = 1.5 kBT, we cannot see any
significant peaks but by increasing the attraction strength, temporary bonds
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Fig. 4.5 Inter-chain end-monomer structure factor for various attraction strengths. The peaks
at qa ≈ 0.2pi and 2pi indicate the correlation between the end groups. The peaks at 0.4pi and
0.6pi are higher order peaks similar to what appear in a fcc crystal structure factor.
are formed in the system and peaks appears at qa ≈ 0.2pi or λ ≈ 10a. It re-
flects the correlation between the end-monomers in the cross-links and the
end-groups of the other end of the polymers contributing in a node. The
height of the peak increases as the adhesion strength increases, since more
end-monomers are connected by temporary bonds. When the scaffold-like
network is formed, the height of the peak does not change anymore, since
almost all of the rods are connected.
The end-monomers structure factor of a polymer network displays features
of the structure factor of a face-centered cubic (fcc) or a hexagonal close-
packed (hcp) crystal system. An fcc lattice is also constructed by equilateral
triangles. The peaks, which appear periodically at qa ≈ 0.4pi and 0.6pi (the
higher orders cannot be seen) are due to the crystal-like nature of the sys-
tem [78,79].
For high attraction strengths (* = 3.5 and 4.5 kBT), the peak in the structure
factor at qa = 2pi represents the scattering of the bonded end-monomers.
The insets in Figs. 4.4 and 4.5 show the structure factors in the Kratky repre-
sentations. The structure factors of our simulated systems are consistent with
those of Ref. [80].
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4.2
Density effects
As the distance between the attractive ends of two rods becomes smaller than
the cut-off radius (rc), they attract each other and thereby get closer and when
the distance becomes smaller than attraction distance, rij < r′c, they form a
temporary bond. For low solute densities, it takes more time for the parti-
cles to find each other and form a network. Moreover, in dilute systems, the
density of the cross-links is small. The polymer bundles mostly form bridges
rather than nodes.
Figure 4.6 presents snapshots of four systems with different volume frac-
tions. At low concentration (φ = 0.016, Fig. 4.6 (a)), the rods aggregate and
build up a small network structure, but the structure is not homogeneous and
does not occupy the whole available volume. By increasing the volume frac-
tion (φ = 0.026, Fig. 4.6(b)), the rods formmore nodes than bridges and spread
out, but for a homogeneous structure, we have to further increase the den-
sity of the rods. In case of low densities, one can recognize a sharp bound-
ary between the solute aggregate and solvent in the pictorial representation.
For φ > 0.037, the structure becomes more scaffold-like and spans almost
the whole available volume (Fig. 4.6(c), φ = 0.039). A further increase of φ
makes the nodes more crowded, but does not result in new nodes (Fig. 4.6(d),
φ = 0.058).
Figure 4.7 illustrates the ratio between the number of nodes, Nnode, and
number of rods, Np, in the system, which is a measure of the probability of
node formation Pnode for systems of different concentrations. The inset shows
the changes in the number of the nodes versus concentration. By increasing
the volume fraction, the probability Pnode increases and a maximum appears
for φ ≈0.035. Then, by inserting more rods, the ratio between the number
of nodes and rods decreases, since the number of nodes in the volume satu-
rates and remains approximately constant (see inset). Thus, it rather leads to
a higher population of the rods in the nodes than a higher node number. As
can be seen in the inset, for φ > 0.037 (where the probability is maximal), the
number of nodes increases slower and for φ > 0.047 it saturates. In our fur-
ther studies, we chose φ = 0.039, which is inside the range of structures with
a high number of nodes.
4.2.1
Clustering coefficient
An efficient approach to analyze the network structure is graph theory, which
is introduced briefly in appendix A. We may consider the nodes as vertices
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(a) (b)
(c) (d)
Fig. 4.6 Snapshots of aggregated structures for various densities and * = 3.5 kBT. (a)
Volume fraction φ = 0.016; the number of the rods is not sufficient to form a homogeneous
structure. The rods are connected, but they form mainly bridges rather than nodes. (b) φ =
0.026; the structure does still not fill the simulation box. The ratio between the number of
nodes to bridges increases. (c) φ = 0.039; a scaffold-like structure is formed and the network
spans the simulation box. (d) φ = 0.058; the system becomes crowded. The number of rods
inside nodes increases; the global clustering coefficient is approximately the same as for
φ = 0.039.
and the rods as edges in a graph network [81]. Transitivity1 of the obtained
structures can be checked by using the global clustering coefficient2 [82]
1) In mathematics, if a ◦ b and b ◦ c, then if a ◦ c, ” ◦ ” is a transitive
relation.
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Fig. 4.7 Illustration of node formation for various volume fractions (φ). The ratio between
the number of nodes (Nnode) and the number of rods (Np) exhibits a maximum between
0.026 < φ < 0.04. The red curve is a guid for the eye. Inset: the number of nodes increases
with increasing density and saturates for φ > 0.05.
C =
number o f closed paths
number o f path with length two
=
3× number o f triangles
number o f connected triplets
.
(4.4)
When two rods are connected at one end—and they do not form a bundle—
they form a triplet. If the other ends of these two rods are connected to another
rod (an equilateral triangle), they form a connected or closed triplet, otherwise
they form only a path of length two. The clustering coefficient provides insight
into the nodes’ connectivity. According to equation (4.4), C = 0 means no
closed triplet and hence poor transitivity, while C = 1 indicates that all nodes
are connected together and hence perfect transitivity.
In our system, the global clustering coefficient can not be unity, since the
polymers play the role of the edges. The polymers are limited in size and
number, and to form a scaffold structure with C = 1, the angle between all
rods should be 60◦, and the structure should be crystalline. But the bonds
between the end-monomers are temporary, and since they feel the random
force of the heat bath, they form a structure with a few free dangling chains.
2) For more discussion about clustering coefficient see appendix A.
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Fig. 4.8 Dependence of the global clustering coefficient on volume fraction. The global
clustering coefficient increases by adding more rods to the system, but after the scaffold
structure has formed, it assumes a finite value (C < 1).
As Fig. 4.8 illustrates, at low volume fractions, the global clustering coef-
ficient increases by increasing the volume fraction. The global clustering co-
efficient reaches a plateau for volume fractions φ > 0.036, which indicates
that the number of nodes and the number of links between the nodes do not
change anymore and just the linking bundles become thicker and thicker.
A bundle of polymers (or a single polymer) that connects two nodes is called
a link. Two nodes are neighbors, when they are connected through a link. The
number of neighbors of a node—or the number of links forming a node—is
called the degree of that node.
The distribution of the number of links per node—the number neighboring
nodes per node—is shown in Fig. 4.9. By increasing the volume fraction, the
peak of the distribution (the most probable or the average degree) shifts to
higher volume fractions. For φ > 0.039, the position of the peak remains
unchanged, but the distribution becomes sharper, which leads to a plateau in
the average degree (inset).
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Fig. 4.9 Population of the links inside the nodes for various volume fractions (* = 3.5 kBT).
The most probable links population per node and also the number of the nodes with that
population increase with increasing volume fraction. Inset: For the high density systems, the
average node degree does not increase and remains constant.
4.3
Attraction strength
The attraction strength (*) considerably affects the node formation. In other
words, temperature controls the relaxation of the structure. When two end-
monomers get close, the force between them should be much stronger than
kBT to join them and form a bond between them [80]. This intermolecular
force—like other intermolecular forces such as van der Waals—is weak in
comparison to the covalent bonds between the monomers inside one chain.
Figure 4.10 represents snapshots of six systems with different attraction
strengths. Figure 4.11 provides an illustration of the node distribution pro-
jected onto the xy-plane. The circles represent the nodes and their radii indi-
cate the number of rods inside the nodes.
As mentioned before, the end-functionalized rods with small attraction
strengths or at high temperature (Fig. 4.10 (a), * = 1 kBT), rarely connect and
form seldom long-living bonds. If two end-monomers, with low attraction
strength, form a bond, there is almost no chance for a third end-monomer to
join in the cross-link (Fig. 4.11(a)).
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(a) (b)
(c) (d)
(e) (f)
Fig. 4.10 Illustration of the structures for the attraction strengths (a) * = 1 kBT; (b) * = 2 kBT;
(c) * = 2.5 kBT; (d) * = 3 kBT; (e) * = 3.5 kBT; and (f) * = 4 kBT.
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(c) (d)
(e) (f)
Fig. 4.11 Projection of the node distribution on the xy-plane. The circles represent the nodes
and their radii indicate the rod population inside the nodes. (a) * = 1 kBT; (b) * = 2 kBT; (c)
* = 2.5 kBT; (d) * = 3 kBT; (e) * = 3.5 kBT; and (f) * = 4 kBT.
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If we double the adhesion strength to * = 2 kBT (Figs. 4.10 (b) and 4.11 (b)),
still a small number of the cross-links are formed, but we can find some cross-
links with more than two rods, i.e., nodes. Although an increasing of * to
2.5 kBT results in the appearance of more nodes with comparable high number
of rods, no uniform network is formed, see Fig. 4.10(c), and just a few small
clusters are formed (see Fig. 4.11(c)).
Further escalating the attraction strength connects more nodes and hence,
small clusters fractally grow. As shown in Fig. 4.10(d), the attraction strength
* = 3 kBT is strong enough to connect most of the nodes and bridges to form
large clusters, even though there are still some individual nodes and many
freely dangling rods. Therefore, the nodes are not uniformly distributed in
the volume and the void space of nodes is clearly visible in the Fig. 4.11(d).
All rods contribute to the network for even larger adhesion strengths. For
* > 3.5 kBT a scaffold-like cluster fills the volume. It can be deduced from
the Figs. 4.10 (e), (f) and 4.11 (e), (f) that a further increase of the adhesion
strength—or cooling down the system—does not significantly change the net-
work structure. The structures obtained for * > 3.5 kBT are stable and homo-
geneous. The snapshots in Fig. 4.10 and Fig. 4.11 are obtained after a million
MPC time steps.
4.3.1
Node properties
The node properties, such as their number, size, density and distribution de-
pend on the attraction strength. As shown in Fig. 4.12, for */kBT < 2 we
do not obtain a scaffold network. An increase of * yields an increasing num-
ber of both, nodes (the blue curve in Fig. 4.12) and bridges (the red curve
in Fig. 4.12). The number of the bridges reaches a maximum in the vicin-
ity of * = 2 kBT, where the number of nodes starts to increase strongly. At
* > 2.5 kBT, when the network is formed, the bridges join together and form
the nodes and the nodes in the structure join together to form one big cluster.
Therefore the number of bridges decreases dramatically, while the number of
nodes increase with a lower rate.
For * > 3.5 we have a homogeneous network. Almost all bridges have
already joined and formed nodes. By increasing the attraction strength in this
regime, the number of nodes does not increase anymore and it affects only the
stability of the nodes.
Figure 4.13 illustrates the size (see inset in Fig. 4.13) and the rod density
inside the nodes. We define the average node radius (Rn) as half of the average
distance between the end-monomer sites constructing a node. Consequently,
the node density (ρn) is defined as the number of rods forming a node divided
by the average volume of the node (volume of a sphere with the radius Rn).
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Fig. 4.12 Illustration of the changes of the number of the cross-links with the attraction
strength. The red and blue curves are the changes in number of bridges and the nodes,
respectively. In the low * regime (less than 2), the joints are mostly bridges and we can hardly
find nodes in the system. The number of nodes and bridges increase by increasing the attrac-
tion strength. The number of bridges reaches a maximum at * = 2 kBT, while the number of
nodes still gradually increases. For * > 3 kBT we have a low number of bridges and almost all
of the joints switch to nodes.
At small attraction strength regimes, * < 2.5 kBT, if we observe a node,
it will consist of the smallest number of rods, namely 3 rods. Therefore, ρn
and Rn are at their minimal levels. For * > 2 kBT, nodes are formed, and the
average node radius increases but the density does not significantly change,
since the rod population inside the nodes increases as well. The radius Rn
peaks at * = 3 kBT, inasmuch as nodes with more rods inside start being
formed. For high attraction strengths (* > 3 kBT), the average number of the
rods inside nodes remains constant (See Fig. 4.14), but as shown in Fig. 4.13,
the average node radius deceases, hence we get more dense nodes.
Figure 4.14 illustrates the distribution of the number of links per node for
different adhesive strengths. It provides insight into the number of the neigh-
bors distribution or connectivity of the nodes. For small attraction strengths
(* < 2.5 kBT), we not only find rarely nodes in the system, but also these
nodes are separated and disconnected. Therefore, the distribution functions
for weak attraction strengths peak at 0 and decays fast. In this situation, we
can call the system an intransitive network.
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Fig. 4.13 Average density of monomers inside nodes. Increasing the adhesion strength
results in more dense nodes. Inset: the node radius increases dramatically for * > 2.5 kBT
and a peak appears at * = 3 kBT. For * > 3 kBT scaffold structures are formed. The
population inside the nodes does not change, but with increasing attraction strength, we get
more compact nodes with smaller radii.
For * = 2.5 kBT a peak appears at a non-zero number of links, which shows
that the nodes start connecting and forming a network. By increasing the
sticker sites’ strength (* > 2.5 kBT), the most probable number of links per
node shifts to higher numbers and the distribution becomes sharper. When
the network structure is formed and fills the volume (* > 3 kBT), the peak
does not shift to the higher values anymore. Our findings are consistent with
the simulation results of Refs. [12, 83].
The number of links per node distribution is comparable to the link distri-
bution of the Erdös-Rényi (E-R) random networks that is a binomial distribu-
tion [84–86]
Pk/N(k|N) =
(
N
k
)( 〈k〉
N
)k (
1− 〈k〉
N
)N−k
, (4.5)
where k and 〈k〉 denote node’s degree and the average degree, respectively.
The term (Nk ) is the binomial expression(
N
k
)
=
N!
k!(N − k)! . (4.6)
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Fig. 4.14 Distribution function of the number of links per node for various attraction strengths.
The most probable link population per node shifts toward larger number of links with increas-
ing attraction strength. The solid lines are Poisson distributions and the dots are the simulation
data.
Equation (4.5) turns into a Poisson distribution for N → ∞ , i.e.,
P(k) =
〈k〉k e−〈k〉
k!
. (4.7)
Random graphs are made by the randomly distributed nodes, which are con-
nected to each other randomly, therefore they can be considered as an element
of a statistical ensemble. In E-R graphs, multiple links between two node are
prohibited [84]. As shown in Fig. 4.14, the link distribution in the network
does not match perfectly the Erdös-Rényi binomial distribution. Indeed, our
network is not a random Erdös-Rényi graph. The length of the edges in our
network is constant and this causes a spatial limitation in forming a real ran-
dom network. On the other hand, according to theory for a random graph,
the global clustering coefficient is predicted to be
Crand =
〈k〉
(N − 1) , (4.8)
for a network of size N. By comparing the results of the clustering coefficient
as defined in (Eq. 4.4) and the random E-R graphs from the equation (4.8), we
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Fig. 4.15 Global clustering coefficient as a function of the attraction strength. Networks are
formed for * > 2.5 kBT. The inset illustrates the network diameter or the average shortest path
length in the network. For * < 2.5 kBT no network is formed, hence, the network diameter is
not defined.
can see that the clustering coefficient obtained from equation (4.8) is signifi-
cantly smaller.
The Watts and Strogatz (WS), or small-world model is a proper model to
compare with our polymer network system [84, 86]. A high clustering coef-
ficient and a short network diameter3 (l) are two main characteristic properties
of a small-world network. The network diameter in a small-world network is
calculated according to [84, 86, 87]
l ≈
log
(
N
〈k〉
)
log
( 〈k2〉−〈k〉
〈k〉
) + 1. (4.9)
Figure 4.15 illustrates the global clustering coefficient and network diameter
obtained from equation (4.9) for networks with different adhesion strengths.
The plot shows a jump in the clustering coefficient between * = 2.5 and * =
3.5 kBT, which indicates the phase transition from a polymer solution to a
3) The average shortest path length between two random nodes in the
network.
4.3 Attraction strength 49
polymer-gel. The high clustering coefficient suggests that the structure is such
a small-world network.
The inset in Fig. 4.15 shows the average shortest path length in the network
confirming the cluster formation for * > 3 kBT. Similar to the global clustering
coefficient, the network diameter is a measure of connectivity in a network;
the smaller the network diameter, the higher the connectivity. As mentioned
before, a low network diameter is one of the characteristic properties of the
small-world networks. The network diameter decreases dramatically for * <
3 kBT and fluctuates for the higher attraction strengths. The network diameter
cannot be calculated for systems with * < 2.5 kBT, since the structure is still
not formed in the system. The calculated l from equation (4.9) for * < 2.5 kBT
is negative, because the term
(〈
k2
〉− 〈k〉) /〈k〉 is less than unity, hence its
logarithm is less than zero.
4.3.2
Node formation
We started the simulations from a fluid system with randomly oriented rods.
To obtain such a system, we turned off the attractive potentials and modeled
a system of rods, in which all monomers repel each other via the purely repul-
sive Lennard-Jones potential. After equilibration, we employed the attractive
potential to the end monomers. By turning the adhesive potential on, the ran-
domly distributed monomers tend to approach and form bridges and nodes,
and finally the clusters.
Figure 4.16 illustrates the triangle formation process, or the changes of the
clustering coefficient for the systems with different adhesion strengths (equa-
tion (4.4)). At the onset of the simulation, when the system is a polymer so-
lution, the clustering coefficient is zero. The number of triangles increases for
the systems with * > 3 kBT and starts to saturate at approximately the same
number of time step. The rate of triangle formation is a function of the attrac-
tion strength; for the higher adhesion strengths, generation of the triangles is
faster—steeper incline at the beginning of the simulation—than for the lower
attraction strengths. The rate of triangle formation does not change signifi-
cantly for higher attractions (* > 4 kBT).
The number of triangles for various attraction strengths levels off at differ-
ent values; the stronger the attraction, the higher the clustering coefficient. For
the system of * = 2 kBT the number of triangles does not change and remains
zero.
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Fig. 4.16 Illustration of cluster formation. The rate of the cluster growth (the slope of the solid
lines) depends on the attraction strength.
4.4
Effects of the polymer size
To determine the effects of the polymer length on the cluster formation, we
repeat the calculations for polymers of length Nm = 15. Since the original box
of size L/a = 50 is not large enough for rods with this length, we enlarge the
box to L/a = 80. The density of the monomers is the same as for the smaller
system, therefore the polymer density is smaller in comparison to a system
with the same size and Nm = 10.
4.4.1
Concenteration effects
Figure 4.17 shows snapshots of four systems of various volume fractions.
Comparing these snapshots with the ones of the polymers with Nm = 10
(Fig. 4.6), one finds similarities in their structures.
Figure 4.18 illustrates the dependence of the number of nodes on the
monomer concentration. In comparison with the system of polymers with
Nm = 10, they both show the same general behavior (section 4.2, Fig. 4.6).
The ratio between the number of nodes and rods increases by increasing the
volume fraction, reaches a maximum for a small range of densities and then
4.4 Effects of the polymer size 51
(a) (b)
(c) (d)
Fig. 4.17 Network structures for various densities (* = 3.5 kBT,Nm = 15). (a) Volume
fraction φ = 0.016; the number of the rods in the system is too small to yield a homogeneous
structure. The rods form mainly bridges rather than nodes. (b) φ = 0.031; the structure does
not fill the simulation box. The ratio between the number of the nodes and bridges increases.
(c) φ = 0.042; a scaffold-like structure is formed and the network fills the simulation box. (d)
φ = 0.058; the system becomes crowded. The rod population in the nodes increases.
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Fig. 4.18 Dependence of the Nnode/Np on the concentration of the rods for polymers of size
Nm = 15. The longer polymers qualitatively exhibit the same behavior as the rods with length
of Nm = 10. The ratio between Nnode and Np for this system exhibit a maximum between
φ = 0.03 – 0.047. The ratio between number of the nodes and rods is less than its value for
Nm = 10. The green line indicates Nnode/Np for a system with Nm = 10. The inset shows the
changes of the absolute number of the nodes as a function of volume fraction.
decreases at larger densities. Since we fix the density of monomers, for the
longer polymers, the density of rods is lower than its value for the shorter
rods. Therefore, the number of the nodes saturates at larger volume fractions
only.
On the other hand, since we have longer polymers, the voids between the
nodes, or the structural holes, are larger than that in the system of Nm = 10.
Therefore, this spatial effect limits the number of the nodes in the more con-
centrated systems, since a large part of the volume is empty and the polymers
do not have enough space to form new nodes, therefore, they create crowded
nodes.
4.4.2
Adhesion strength
Figure 4.19 shows snapshots of four systemswith different attraction strengths.
Similar to the systems of Nm = 10, low attraction strengths do no lead to
temporary bonds between the rods and make nodes. The comparison of
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(a) (b)
(c) (d)
Fig. 4.19 Snapshots of the structures for various attraction strengths (φ = 0.039,Nm = 15).
(a) * = 1.5 kBT; there is almost no node in the system. (b) * = 2.5 kBT; few temporary bonds
are formed. (c) * = 3.5 kBT; nodes are formed and a scaffold-like structure is built up. (d)
* = 4.5 kBT.
these snapshots with those for the system of Nm = 10 at * = 2.5 kBT (see
Fig. 4.10 (c)) shows that the percentage of Nnode/Np in the system of Nm = 10
is higher than in the system of Nm = 15.
Figure 4.20 indicates the changes in the number of nodes and bridges for
various adhesion strengths. The number of bridges exhibits a sharp peak at
* = 2.5 kBT and decreases dramatically between * = 2.5– 3 kBT. The number
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Fig. 4.20 The number of the nodes and bridges for various attraction strengths for a system
of Nm = 15. The number of bridges decreases dramatically between * = 2.5 and 3 kBT.
of bridges increases monotonically for * > 2 kBT. The rate of increasing Nnode
decreases at high attractions * > 4 kBT, but does not saturate. Comparing this
plot with Fig. 4.12, indicates the similarity of the behavior between these two
systems for different attraction strengths.
The clustering coefficient for the longer polymers as a function of attraction
strength is shown in Fig. 4.21. Similar to the system with polymers of length
Nm = 10, the clustering coefficient jumps up for 2.5 kBT < * < 3.5 kBT, which
means that the longer polymers exhibit a phase transition from a solution (* <
2.5 kBT) to a polymer-gel (* > 3.5 kBT).
As mentioned before (section 4.2), the global clustering coefficient indicates
the connectivity of the network. For * > 2.5 kBT the rods start to connect and
to form nodes and clusters. Figure 4.21 indicates that the system approaches
its highest connectivity in the range 3.5 kBT < * < 4 kBT. In the system of
Nm = 10, the highest connectivity of the system appears for * > 4 kBT. The
reason is that for higher attraction strengths, we get more compact temporary
bonds and bundles, therefore, void spaces are formed in the network. For the
longer polymers these voids are larger. The structural holes in a network occur
when the neighbors of a node are not connected. This separation between
the neighbors results in smaller clustering coefficient, which takes palace for
* > 4 kBT.
4.4 Effects of the polymer size 55
0
0.05
0.1
0.15
0.2
0.25
0.3
1 1.5 2 2.5 3 3.5 4 4.5 5
G
lo
ba
lc
lu
st
er
in
g
co
effi
ci
en
t
! (kBT )
0
1
2
3
1 2 3 4
R
n
(a
)
! (kBT )
global clustering coefficient
Rn
Fig. 4.21 Clustering coefficients for various attraction strengths of polymers with Nm = 15.
The global clustering coefficient diagram shows that for * < 2.5 kBT, no cluster is formed
in the system. A phase transition from a polymer solution (* < 2.5 kBT) to a polymer-gel
(* > 3.5 kBT) takes place. The inset illustrates the changes of the radius of the nodes (Rn)
as a function of the attraction strength, which is qualitatively similar to that for the system with
Nm = 10.
The inset in Figure 4.21 shows the radii of the nodes for systems of various
adhesion strengths. Similar to the systems of Nm = 10, Rn starts to change
in attraction strengths of * > 2.5 kBT, which is the onset of node formation.
The radius Rn increases and peaks at * = 3 kBT and with increasing the *, Rn
decreases, since the rods form tight nodes in the high attraction regime.
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5
Non-equilibrium properties
In the following chapter, we discuss the non-equilibrium behavior of the sys-
tem under shear flow, which is achieved by Lees-Edwards boundary condi-
tions (section 3.3.4), along the x-direction.
The simulation system is cubic box with length L = 80a and consists of
Np = 3793 polymers with Nm = 10 monomers. We present the simulation
results of three different attraction strengths, * = 2, 3.5 and 4 kBT.
5.1
System morphology under shear flow
Different materials exhibit varying responses to an applied force: a solid re-
sists the force by enduring deformation, whereas a fluid flows [58]. In between
these two extremes are viscoelastic materials; viscous solids or elastic fluids.
A polymer solution is an example of a viscoelastic material [26, 58]—elastic
fluids—and in contrast, micellar fluids behave like viscose solids [88].
In a polymer solution under shear flow, the polymers perform tumbling mo-
tion, in which the polymers stretch and collapse frequently. The frequency
of the tumbling motion depends on the shear rate and the internal relaxation
time of the polymers [89, 90].
In a network of end-functionalized rods, the polymers accomplish tumbling
motion under shear, if they are detached from their neighbors. Hence, for a
solution of the polymers with adhesive rods, there is another factor governing
the tumbling motion; the attraction strength of the sticker sites. In the lower
attractive regimes, the employed shear flow can break the physical bonds be-
tween the associating end-monomers.
5.1.1
Response of systems of various adhesive strength
The systems with various attraction strengths exhibit different responses to
shear flow. Figures 5.1–5.5 illustrate the behavior of three systems with the
attraction strengths * = 2, 3.5 and 4 kBT for various shear rates. The shear
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gradient is along the y-axis and the flow direction is toward the positive x-
axis at the top of the simulation box.
In figures 5.1–5.5, the left-hand side images are the snapshots of systems at
long time after imposing shear flow. The right-hand side plots are 4-D plots
demonstrating the spatial distribution of node densities. In these distribution
plots, each face of the simulation box is divided into smaller squares. The
color of each square represents the number of nodes behind that particular
square in the box.
As previously discussed in section 4.3, scaffold-like structures appear for
the attraction strength much larger than thermal energy fluctuations, kBT.
Thereby, the adhesion strength * = 2 kBT is not strong enough to form a
network in the system. Hence, we can consider the system with the attrac-
tion strength of * = 2 kBT as a polymer solution, in which few temporary
junctions with short lifetime may be formed.
Figure 5.1 represents snapshots and density distributions for three systems
with the attraction strengths * = 2 kBT (a), * = 3.5 kBT (c) and * = 4 kBT
(e), under the same shear rate γ˙ = 10−4
√
kBT/ma2. At this low shear rate,
polymers with the adhesion strength * = 2 kBT exhibit tumbling motion in
the flow. Figure 5.1 (a) indicates that the rods are randomly distributed and
since the shear rate is low, they are randomly oriented as well (see Fig. 5.6 a).
A small number of nodes with a low population can be recognized, which are
uniformly distributed in the box (Fig. 5.1 (b)).
At the attraction strength * = 3.5 kBT, the polymers form a scaffold-like
network at equilibrium (section 4.3), applying the shear to the system results
in the formation of a compact scaffold network (Fig. 5.1 (c)), since the network
is soft [91]. Although the number of nodes in this sheared system is smaller
than its value at equilibrium, the nodes have a higher population of rods in-
side. The black regions at both sides of the aggregated network in figure 5.1
(d) indicates a gap in the box that is free of nodes.
At equilibrium, in the system with a higher attraction strength, * = 4 kBT,
the rods form a scaffold-like network of compact long-living nodes. Similar to
the system with * = 3.5 kBT, applying shear flow on this network compresses
the structure (Fig. 5.1 e and f). The gap in the node density distribution, has a
smaller width than in the system with * = 3.5 kBT, since the junctions in this
system are stronger and the network resists deformation due to flow.
Figure 5.2 illustrates the behavior of the three systems with different attrac-
tion strengths for the higher shear rate γ˙ = 5× 10−4 √kBT/ma2. The system
with * = 2 kBT, or the polymer solution, exhibits the same behavior as it does
at the lower shear rate. The difference between these two systems is that the
polymers tumble faster in this regime. The node density distribution also in-
dicates a uniform distribution.
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Fig. 5.1 Dependence of the solution structure on the attraction strength (*) under shear flow
of rate γ˙ = 10−4
√
kBT/ma2. Images on the left are the snapshots of the system and those on
the right are 4-D number of node density distribution plots. (a) and (b) * = 2 kBT; (c) and (d)
* = 3.5 kBT; (e) and (f) * = 4 kBT. The flow direction is left to the right at the top of the box.
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At the shear rate γ˙ = 5 × 10−4 √kBT/ma2, the networks with * = 3.5
and 4 kBT are more compressed. The nodes convert to bridges parallel to the
shear direction. We still can find triangles and compact scaffold-like structure
(Fig. 5.2 (c) and (e)). The node distributions show voids of nodes in the box,
which are more distinguishable than the ones at the lower shear rate.
Increasing the shear rate to γ˙ = 10−3
√
kBT/ma2 , makes the polymers in
the polymer solution (the system with * = 2 kBT) oriented along the shear di-
rection. Figure 5.3 (a) shows that the orientation of the rods is not random and
they exhibit an oriented alignment along the shear direction, as previously
reported in simulations [92, 93].
For * = 3.5 kBT, the network breaks into smaller clusters with gaps in be-
tween parallel to the shear direction (see Fig. 5.3 (c)). These smaller clusters are
formed of two dimensional scaffold-like structures. Whenwe look at the snap-
shot of the simulation box in the xy-plane, we see a long bundle of bridges,
extended in parallel to the shear direction (x-axis). The system with * = 4 kBT
also divides into separated blocks of polymers. The thickness of the blocks
at the higher attraction regime is larger and we can still find triangles in the
xy-plane.
For a rather high shear rate γ˙ = 5× 10−3 √kBT/ma2, most of the rods align
along the shear direction in the three systems of different adhesion strengths.
In the system with the low attraction strength, * = 2 kBT, the rods perform a
fast tumbling motion and relax for a short time (Fig. 5.4 (a)).
For the system with * = 3.5 kBT, the blocks of polymers break under the
high shear, and separate into smaller clusters containing bridges parallel to the
shear flow direction (Fig. 5.4 (c)). Many non-bonded polymers can be found
in this regime, which tumble. The shear flow is strong enough to peel off the
polymers at the interface, break the bonds between the sticker sites and set
them free. These free rods tumble and again stick to another adhesive end-
monomer to form a joint (adsorb to the cluster). The gap disappears in the
node distribution of this system (Fig. 5.4 (d)).
In the higher attraction regime * = 4 kBT, the nodes are deformed and a
rope-like structure is formed, consisting of a row of parallel connected bridges
(Fig. 5.4 (e)). This structure is quite similar to that obtained for the system
with * = 3.5 kBT for the shear rate γ˙ = 10−3
√
kBT/ma2. The node density
distribution confirms this rope-like structure and indicates that this structure
is not located in the plane perpendicular to the shear gradient (y-axis).
Figure 5.5 illustrates the behavior of the systems at the high shear rate
γ˙ = 10−2
√
kBT/ma2. In the low attraction regime * = 2 kBT, the polymers
elongate along the shear flow (see Fig. 5.5 (a)), as they did under shear rate
γ˙ = 5× 10−3 √kBT/ma2.
As Fig. 5.5 (c) shows, the nodes in the system with * = 3.5 kBT deform
and small bridges are formed instead. The shear rate γ˙ = 10−2
√
kBT/ma2
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Fig. 5.2 Dependence of the solution structure on the attraction strength under shear flow of
rate γ˙ = 5× 10−4√kBT/ma2. Images on the left are the snapshots of the system and those
on the right are 4-D number of node density distribution plots. (a) and (b) * = 2 kBT; (c) and
(d) * = 3.5 kBT; (e) and (f) * = 4 kBT.
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Fig. 5.3 Dependence of the solution structure on the attraction strength under shear flow of
rate γ˙ = 10−3
√
kBT/ma2. Images on the left are the snapshots of the system and those on
the right are 4-D number of node density distribution plots. (a) and (b) * = 2 kBT; (c) and (d)
* = 3.5 kBT; (e) and (f) * = 4 kBT.
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Fig. 5.4 Dependence of the solution structure on the attraction strength under shear flow of
rate γ˙ = 5× 10−3√kBT/ma2. Images on the left are the snapshots of the system and those
on the right are 4-D number of node density distribution plots. (a) and (b) * = 2 kBT; (c) and
(d) * = 3.5 kBT; (e) and (f) * = 4 kBT.
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is strong enough to break the physical bonds in this system. The rate of dis-
sociation is much larger than the rate of association of the end-groups in this
system. Hence, the network is completely destroyed (see Fig. 5.5 (d)). Since
the strong shear flow ruptures the cross-links and makes the polymers tum-
ble, the system of rods at the high shear rates is not in highly ordered nematic
state [94].
In the system with * = 4 kBT (Fig. 5.5 (e)), there are still crowded nodes
and bridges and also we still can see two dimensional structures in the xy-
plane, like what we had in the system with * = 3.5 kBT for the shear rate γ˙ =
5× 10−3 √kBT/ma2. In this regime, the rate of association and dissociation
are still comparable, so that only small clusters of nodes and bridges exist in
the system [73].
5.1.2
Rod orientation under shear
At equilibrium, in the weak attraction regime * < 3 kBT,where the scaffold-
like network cannot be formed, rods are randomly oriented. Hence, the distri-
bution of the angle between the end-to-end vectors of the rods and the shear
gradient along the y-axis is a uniform distribution.
Figure 5.6 presents the distribution of the angle θ between the projection of
the end-to-end vector of a rod on the xy-plane and the shear gradient direction
(the y-axis). The flow imposes a torque on the rods, which cause a reorientate
in xy-plane.
As the figures 5.1–5.3 (a) show, for the low shear rates, the morphol-
ogy of the system does not change significantly, and the rods are still ran-
domly oriented. Fig. 5.6 (a) also indicates that at very low shear rates
(γ˙ = 10−3
√
kBT/ma2), the distribution of the orientation of the rods with
respect to the shear gradient is uniform (the red bars).
Increasing the shear rate (γ˙ = 10−3
√
kBT/ma2) causes the rods for the
low attraction regime (* = 2 kBT) to orient along the shear direction, but the
flow is not strong enough to make all of the rods align along the shear direc-
tion. Therefore, as it illustrated in Fig. 5.6 (a), the distribution deviates slightly
from the uniform distribution and shows a maximum at cos θ = 0 (θ = 90◦).
Since the shear rate is weak, the distribution is low and wide (green bars).
At the higher shear rate γ˙ = 10−2
√
kBT/ma2 (blue bars), the distribution
becomes more pronounced and sharper. Since the particles are free to tum-
ble (see Fig. 5.5 (a)), the peak is not as sharp as the peak for higher attraction
strengths (* > 3 kBT).
For the systemwith * = 3.5 kBT and the low shear rate γ˙ = 10−4
√
kBT/ma2
(see Fig. 5.1 (c)), the scaffold-like network is compressed in the velocity gra-
dient direction. The flow is not strong enough to break the physical bonds,
hence, the structure resists the flow, and the polymers remain connected. Since
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Fig. 5.5 Dependence of the solution structure on the attraction strength under shear flow of
rate γ˙ = 10−2
√
kBT/ma2. Images on the left are the snapshots of the system and those on
the right are 4-D number of node density distribution plots. (a) and (b) * = 2 kBT; (c) and (d)
* = 3.5 kBT; (e) and (f) * = 4 kBT.
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the structure is soft, it compresses along the shear gradient and makes a nar-
row space fee for the flow to pass. Since the network is compressed in the
y-direction, the rods do not have enough space to orient parallel—or approx-
imately parallel—with respect to the shear gradient axis. On the other hand,
the block of the polymers is parallel to the flow and the interface between the
aggregated phase and void phase is sharp, hence, the rods at the interfaces are
parallel to the flow. Therefore, a peak at cos θ = 0 (θ = 90◦) appears in the
angle distribution (red bars in Fig. 5.6 (b)).
Increasing the shear flow to γ˙ = 10−3
√
kBT/ma2 deforms the structure into
a rope-like structure parallel to the shear flow (see Fig. 5.3 (c)). Since most of
the rods are engaged in these ropes, which are tight structures and rods do not
easily dissociate, they are oriented parallel to the flow direction. Therefore, a
sharp peak emerges in the angle distribution at cos θ = 0 (θ = 90◦), which is
shown in Fig. 5.6 (b) by green bars.
Employing a higher shear rate (γ˙ = 10−2
√
kBT/ma2) breaks the tempo-
rary bonds and turns the system with * = 3.5 kBT into a polymer solution, in
which the polymers perform tumbling motion. Therefore, the angle distribu-
tion peaks at cos θ = 0 (θ = 90◦), shown by blue bars in Fig. 5.6 (b). This peak
is wider and smaller in comparison with the peak related to the shear flow
γ˙ = 10−3
√
kBT/ma2 (green bars), since in this system, unlike the rope-like
structure, the polymers are rather free and tumble in flow and do not align
along the shear flow for long time.
For the system of * = 4 kBT the distribution of the angle θ (Fig. 5.6 (c))
exhibit a peak at cos θ = 0 (θ = 90◦), similar to the system with * = 3.5 kBT.
The bonds between the end-monomers in this system are stronger, and the
structure is stiffer and resists to the shear flow. Hence, the structure is less
compact. Therefore, the distribution of the system with * = 4 kBT for γ˙ =
10−4
√
kBT/ma2, is broader and lower than for the system with * = 3.5 kBT.
At γ˙ = 10−3
√
kBT/ma2, the peak in the distribution is broader and lower
for higher attraction strengths. The rope-like structure is not formed in the
system with * = 4 kBT at this shear rate, and the network is divided into two
blocks with the width of approximately three polymer lengths (see Fig. 5.3 (e)
and (f)).
The peak at γ˙ = 10−2
√
kBT/ma2 for the system of * = 4 kBT is sharper and
more pronounced than that for the system with * = 3.5 kBT (see Fig. 5.6 (b)
and (c)), since, as mentioned before, deformation of the network with a higher
attraction strength is more difficult and requires higher shear rates. Fig-
ure 5.5 (e) shows that the structure is not deformed completely for γ˙ =
10−2
√
kBT/ma2 and a considerable number of nodes, bridges and small clus-
ters parallel to the flow direction still exist in the system. Therefore, the flow
pushes the small clusters forward and is not able to induce polymer tumbling.
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Fig. 5.6 Distributions of the angle between the rod end-to-end vector and shear gradient
direction (y-axis) for various shear rates. (a) * = 2 kBT, (b) * = 3.5 kBT, and (c) * = 4 kBT.
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In a system of low adhesion strength * = 2 kBT at equilibrium, the
orientation of rods with respect to their neighbors is random. Thereby,
the distribution of the angle between the end-to-end vectors of neighbor-
ing rods is a uniform distribution. When we apply a low shear rate flow
(γ˙ = 10−4
√
kBT/ma2), themorphology of the systemdoes not change and the
rods remain randomly distributed and oriented (Fig. 5.1 (a)). Hence, the dis-
tribution of the angle between two neighbor rods (θij) is uniform (see Fig. 5.7
(a)).
As we have seen, increasing the shear rate to γ˙ = 10−3
√
kBT/ma2, re-
sults in a deviation from the uniform distribution of the rods’ orientation. For
the highest applied shear rate γ˙ = 10−2, the rods align along the shear flow
(Fig. 5.5 (a)), therefore they are mostly parallel to each other. Hence, in the dis-
tribution of the angle between neighbor rods, two peaks appear at cos θij = −1
and cos θij = 1, which means at θij = 180◦ and θij = 0◦, respectively, or in
other words, most of the rod ends touch or the polymers are parallel to their
neighbors.
The polymers with attraction strength * = 3.5 kBT (section. 4.1) form a
scaffold-like structure, which has a characteristic angle between two bonded
rods of θij = 60◦ (see Fig. 4.3). Although applying a low shear flow to this
system (γ˙ = 10−4
√
kBT/ma2) causes a compactness in the scaffold struc-
ture (Fig. 5.1 (c)), the most probable angle between the touching rods is still
θij = 60◦ (cos θij = 0.5). As we explained before, the very sharp peak at
cos θij = 1 (θij = 0◦) is due to the bundles of the polymers (red bars in
Fig. 5.7 (b)). There is another broad peak at cos θij = −0.5 (θij = 120◦) that
also confirms the scaffold-like network. The angle θij < 45◦ (cos θij > 0.7) has
the least probability.
An increasing of the shear rate (γ˙ = 10−3
√
kBT/ma2) deforms the structure
and results in smaller peaks at cos θij = 0.5 and cos θij = −0.5, and higher
ones at cos θij = 1 (green bars in Fig. 5.7 (b)). When shear is increased to
γ˙ = 10−2
√
kBT/ma2 (orange bars), the structure is completely deformed and
almost all the rods align along the shear flow, therefore, the distribution peaks
at cos θij = −1 (θij = 180◦ or end-touching polymers) and at cos θij = 1 (θij =
0◦ or parallel rods).
The angle distribution between the end-to-end vectors in the system with
the higher attraction strength * = 4 kBT—which at equilibrium leads to a
scaffold-like network—exhibits the same response to the shear flow as the sys-
tem with * = 3.5 kBT (compare Fig. 5.7 (b) and (c)).
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Fig. 5.7 Distributions of the angle between the end-to-end vectors of neighbor rods θij,
for various attraction strengths and shear rates. (a) * = 2 kBT, (b) * = 3.5 kBT, and (c)
* = 4 kBT.
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Fig. 5.8 Inter-chain end-monomer structure factors for the system of * = 3.5 kBT and various
shear rates. The inset represents the same data in Kratky representation.
5.1.3
Structure factor under shear
To get insight into the structural changes under non-equilibrium conditions,
we use the static structure factor S(q), which is defined in equation 4.3.
Figure 5.8 shows the structure factor for the end-monomers in the system of
* = 3.5 kBT for various shear rates. At the low shear rates of γ˙ = 10−4 and
10−3
√
kBT/ma2, the structure factor hardly deviates from that at equilibrium
(red curve). Therefore, the higher order peaks, which appear in an fcc struc-
ture factors (section 4.1.1), can be found in S(q) of these sheared systems. The
peak at qa = 0.64pi is more pronounced in these shear rates, since the struc-
tures of the aggregated clusters are more compact with less voids. The peak at
qa = 0.22pi is shifted to qa = 0.21pi, which indicates that the rods are aligned
in shear flow [95].
At the high shear rate γ˙ = 10−2
√
kBT/ma2, the network breaks and the
peaks at qa ≈ 0.4pi and 0.6pi , which are related to the fcc structure, disappear;
S(q) becomes similar to the polymer solution structure factor with an extra
peak at qa ≈ 0.1pi.
Figure 5.9 illustrates S(q) for systems with different attractive strengths and
the shear rate γ˙ = 10−3
√
kBT/ma2. The system with * = 2 kBT does not
show much difference in S(q) with respect to equilibrium.
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Fig. 5.9 Inter-chain end-monomer structure factors for systems with various attraction
strengths and γ˙ = 10−3
√
kBT/ma2. The inset represents the same data in Kratky repre-
sentation.
As mentioned above the system with * = 3.5 kBT shows the fcc structure
peaks with an additional peak at qa ≈ 0.1pi. In the structure factor for the
system of * = 4 kBT, these peaks are missing, since the scaffold-like network
deforms into a rope-like structure. The nodes—or the bridges—are crowded
in the rope-like structure, therefore, the peak at qa ≈ 0.2pi is smaller with
respect to its height at equilibrium (see Fig. 4.5). The insets in Figs. 5.8 and 5.9
show the structure factor in the Kratky representations.
5.1.4
Shear effects on node properties
The pictorial representations in section 5.1.1 illustrate deformations of the net-
work structure under different applied shear rates. These deformations in the
network structure are the consequence of changes in the node properties. In
the unstructured systems (* < 3 kBT), the changes in the temporary joints
affect the system morphology.
At equilibrium, for a system with the low attraction strength * = 2 kBT
and no network of the polymers, the number of nodes is much smaller than
the number of nodes in the systems with higher attraction strengths (section
4.3.1). Applying a weak shear flow γ˙ < 10−3
√
kBT/ma2 to such system does
not change the number of nodes (green curve in Fig. 5.10). When a higher
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shear rate is imposed (γ˙ > 10−3
√
kBT/ma2), bundles break and the number
of nodes decreases.
As we discussed, the scaffold-like structure at the low shear rate γ˙ =
10−4
√
kBT/ma2 becomes compact. Therefore, the number of nodes decreases
in the system of * = 3.5 kBT at this low shear rate in comparisonwith the num-
ber of nodes at γ˙ = 5× 10−5 √kBT/ma2. The number of nodes remains ap-
proximately constant by imposing higher shear rates for γ˙ < 10−3
√
kBT/ma2
(blue curve in Fig. 5.10).
At γ˙ > 10−3
√
kBT/ma2 the system divides into blocks (see Fig. 5.3 (c))
and the rods form populated nodes. Hence, the total number of nodes de-
creases. Increasing the shear rate to γ˙ = 5× 10−3 √kBT/ma2 breaks the large
nodes into small nodes—large and small in node population point of view—
(Fig. 5.4 (c)), thereby the number of nodes increases. At very high shear rate
γ˙ = 10−2
√
kBT/ma2, the structure is destroyed completely and small nodes
in planes parallel to the xz-plane are formed (Fig. 5.5 (c)) that again results in
an increasing number of the nodes.
The pattern for the response of the system of * = 4 kBT is quite similar
to that of the system * = 3.5 kBT (red curve in Fig. 5.10). However, a more
severe flow strength is required for the system with * = 4 kBT to achieve
the same response, since the bonds between the end-monomers are stronger.
The decreasing of the number of nodes in the system of * = 4 kBT at γ˙ =
5× 10−2 √kBT/ma2 is more severe than the one in the system of * = 3.5 kBT
at γ˙ = 10−3
√
kBT/ma2, since a rope-like network of rods is formed in the
system, which consists of big nodes and bridges (Fig. 5.4 (e)).
The imposed shear flow also affects the number of bridges in the systems.
In the low attraction regime * = 2 kBT, an increasing the shear rate results in
a decreasing the number of bridges (green curve in Fig. 5.11). At sufficiently
strong shear rates, two elongated rods tend to join together and form either
longer bridges or thicker bundles of polymers [96, 97]. Most of the cross-links
in the system of * = 2 kBT are bridges and as we mentioned before, strong
shear flows γ˙ > 10−3
√
kBT/ma2 break the bonds and cause fast polymer
tumblings.
We discussed in section 4.3.1 that most of the cross-links in a scaffold-like
structure are nodes and in these networks bridges are hardly formed. At
low shear rates γ˙ < 10−3
√
kBT/ma2, the number of bridges in systems
with * = 3.5 kBT and * = 4 kBT remains low (blue and red curves, re-
spectively, in Fig. 5.11). As the structure is deformed at higher shear rates
(γ˙ > 10−3
√
kBT/ma2), the number of bridges increases, since the nodes break
into smaller nodes and bridges. In the system of * = 4 kBT, the number of
bridges increases with a lower rate, since the nodes resist deformation and
break into smaller nodes rather than bridges.
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Fig. 5.10 Changes of the number of nodes with shear rate for various adhesion strengths.
Figure 5.12 represents the changes in the number of nodes versus strain γ
for systems of various attraction strengths and shear rates. Strain plays the
role of time, since it is defined as
γ =
∆x
∆y
= γ˙∆t. (5.1)
We start the non-equilibrium simulations from the equilibrium state, therefore
the values at γ = 0 represent equilibrium values.
Figure 5.12 (a) indicates that the number of nodes in the system of * = 2 kBT
does not change significantly, but shows large fluctuations at low shear rates.
However, for higher shear rates γ˙ > 5× 10−3 √kBT/ma2, it decreases rapidly
(after γ = 1) by up to 50%.
In the systems with * = 3.5 kBT and * = 4 kBT, shear flow reduces the
number of nodes (see Fig. 5.12 (b) and (c)). In both systems, for low shear
rates (γ˙ < 10−4
√
kBT/ma2), the structure becomes compressed quickly and
the number of nodes decreases by nearly 40 percent with a high rate.
Applying higher shear rates, 10−3
√
kBT/ma2 ≤ γ˙ < 5× 10−3
√
kBT/ma2,
the number of nodes decreases with a lower rate, and the time to reach the
stationary state is extended. For the high shear rate γ˙ = 10−2
√
kBT/ma2, the
number of the nodes rapidly decreases.
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Fig. 5.11 Changes of the number of the bridges with shear rate for various attraction
strengths.
Figure 5.13 illustrates the changes in the number of bridges for systemswith
various attraction strengths and shear rates. In the low adhesion regime, * =
2 kBT, a weak shear flow does not change the number of bridges significantly
and only under severe shear (γ˙ = 10−2
√
kBT/ma2) the number of bridges
decreases about 20% very quickly.
Unlike the changes in the number of nodes, the number of bridges in-
creases rapidly at low strains after applying the flow (see Figs. 5.13 (b) and
(c)). This quick change in the number of bridges indicates the high stress
on the structure at the onset of non-equilibrium conditions. At low shear
rates γ˙ < 10−4
√
kBT/ma2, the number of bridges increases, goes through a
maximum and decreases again in a narrow window of strains and fluctuates
around a small value (less than 10).
For higher shear rates (γ˙ < 10−2
√
kBT/ma2), when the number of bridges
reaches a maximum, it slowly decreases and the stationary state is only
reached at long times, since the rate of node deformation and formation are
approximately equal. A high shear rate (γ˙ = 10−2
√
kBT/ma2) deforms the
nodes into bridges. Since in this regime, the rods align in shear direction, they
get close and form bridges rather than nodes. Hence, under high shear rates,
the number of bridges increases and then saturates.
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Figure 5.14 shows the distribution of the number of links per node—number
of neighboring nodes. The insets represent the changes of the average degree
with shear rate.
At equilibrium and for isotropic systems with * < 3 kBT—that the scaffold-
like network cannot be formed—the maximum in the distribution of the num-
ber of neighbors per node occurs at origin, which means that most of the
nodes—if we can find any—are not connected to other nodes (see Fig. 4.14).
Figure 5.14 (a) shows the number of links per node distribution for * =
2 kBT. The systems exhibit very similar responses, since, as we discussed,
shear flow does not induce network formation. The solid lines are polynomial
distributions (equation 4.5). The inset in Fig. 5.14 (a) represents the average
node degree in different shear rates, which remains constant with increasing
shear rate and decreases slightly for γ˙ > 10−3
√
kBT/ma2.
As we discussed in section 4.3.1, the distribution of the number of links per
node is a polynomial distribution, and the systems with scaffold-like struc-
ture (* > 3.5 kBT) represent distributions close to a polynomial distribution
(Fig. 4.14).
Applying shear flow to scaffold-like structure affects the number of links
per node distributions (Fig. 5.14 (b) and (c)) [98]. When we apply a low shear
rate (γ˙ < 10−4
√
kBT/ma2), the structure gets compact and the number of the
nodes is reduced. Hence, the average number of links per node increases—in
comparison to equilibrium—but the the maximum number is reduced. Again
the distributions for low shear rates are polynomial.
By imposing higher shear flows (10−4
√
kBT/ma2 < γ˙ < 10−3
√
kBT/ma2),
the average number of links per node decreases, since the nodes deform and
break into smaller nodes or bridges. For the system with * = 3.5 kBT, which
deforms easer under a shear flow, the distribution deviates from the polyno-
mial distribution, however, the distribution for the system with * = 4 kBT is
still polynomial.
Increasing the shear rate beyond γ˙ = 10−3
√
kBT/ma2 destroys the struc-
ture, therefore the average number of links per node decreases. Since in these
regimes cross-links with a small number of rods are formed, networks in
quasi-two dimensions appear and the peaks become more pronounced.
The average degree of the nodes (the insets in Fig. 5.14 (b) and (c)) decreases
with increasing shear rate, thereby decreases more strongly for high shear
rates—γ˙ > 5× 10−3 √kBT/ma2 for * = 3.5 kBT and γ˙ > 10−3 √kBT/ma2
for * = 4 kBT.
Figure 5.15 shows the dependence of the radius of the nodes Rn on shear
rate for the systems with various adhesion strengths. We define the average
node radius Rn as half of the average distance between the sticker sites con-
structing a node.
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Fig. 5.12 Changes of the number of nodes with strain (γ) for various attraction strengths. (a)
* = 2 kBT, (b) * = 3.5 kBT, and (c) * = 4 kBT.
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Fig. 5.13 Changes of the number of bridges with strain (γ) for various attraction strengths. (a)
* = 2 kBT, (b) * = 3.5 kBT, and (c) * = 4 kBT.
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Fig. 5.14 Number of links per node distributions for various shear rates and adhesion
strengths; (a) * = 2 kBT, (b) * = 3.5 kBT, and (c) * = 4 kBT. The dots represent simulation
results and the solid lines are polynomial distributions. The insets illustrate the dependence of
the average degree on the shear rate.
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Fig. 5.15 Radii of nodes Rn as function of shear rate for the various attraction strengths.
In the low attraction regime, * = 2 kBT, shear flow does not affect the aver-
age radius of the nodes (green curve in Fig. 5.15), since, as we discussed, this
system is like a polymer solution and the nodes that may be found contain the
minimum possible number of rods to form a node; namely three rods.
For the system with * = 3.5 kBT, in the low shear rate regimes (γ˙ <
5 × 10−4 √kBT/ma2), the average radius of the nodes decreases, since the
network becomes compressed. For the shear rate γ˙ = 10−3
√
kBT/ma2, we
get rope-like structures with large nodes, hence, Rn show a peak (blue curve
in Fig. 5.15). For further increasing shear rate γ˙ > 10−3
√
kBT/ma2, the av-
erage radius decreases dramatically, since the flow is strong enough to break
nodes.
The node radii Rn for the system with * = 4 kBT, are quite similar to those
for the * = 3.5 kBT, however, they are shifted toward higher shear rates. Since
rods inside the nodes with * = 4 kBT are connected strongly, the nodes are
packed and resist deformation under shear.
Figure 5.16 shows the changes in the average monomer density in the nodes
ρn with shear rate. We define the rod density in the nodes ρn as the number
of rods involved in a node divided by the node volume that is the volume of
a sphere of radius Rn.
80 5 Non-equilibrium properties
2.4
2.6
2.8
3
3.2
3.4
3.6
3.8
4
0.0001 0.001 0.01
ρ n
(a
−3
)
γ˙ (
√
kBT/ma2)
# = 2
# = 3.5
# = 4
Fig. 5.16 Average monomer density ρn in nodes as function of shear rate for various attraction
strengths.
For * = 2 kBT, the average monomer density inside nodes remains constant
and equal to its value at equilibrium for the applied shear rates, since the node
radii and population do not change (green curve in Fig. 5.16).
For the systemwith * = 3.5 kBT and low shear rates (γ˙ < 10−4
√
kBT/ma2),
ρn increases, since the Rn decreases (see Fig. 5.15). The average monomer
density inside the nodes peaks at γ˙ = 10−4
√
kBT/ma2 and then decreases,
since the structure becomes compact and the nodes become more populated.
A minimum of the ρn occurs at γ˙ = 10−3
√
kBT/ma2, where the Rn reaches its
maximum value. A further increasing in the shear rate results in an increasing
ρn, since the large nodes begin to break into smaller nodes. When the structure
deforms (γ˙ > 5× 10−3 √kBT/ma2), ρn decreases again.
The average monomer density inside the nodes of a system of * = 4 kBT
exhibits the same behavior as a system of * = 3.5 kBT. Similar to the Rn curves,
the ρn values for * = 4 kBT are shifted toward higher shear rates, because of a
strong connection of the nodes.
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5.1.5
Clustering
The nodes’ connectivity or clustering properties of the network are influenced
by shear flow. The average local clustering coefficient is a measure of connec-
tivity in the network1 [81,82]. The local clustering coefficient for the i-th node
(Ci) with Ki neighbor nodes2 is defined as [99]
Ci = 2× Number o f triangles with node i as a cornerKi (Ki − 1) , (5.2)
where Ki (Ki − 1) /2 is the number of total triangles, which are possible to be
formedwith the i-th node. The average local clustering coefficient C¯ is defined
as
C¯ =
1
Nnode
Nnode
∑
i=1
Ci, (5.3)
that Nnode is the total number of nodes in the network.
Figure 5.17 presents the average local clustering coefficient for the systems
of various adhesion strengths and shear rates. Ci in a system of * = 2 kBT is
zero, since there is no triangle.
For the systemswith * = 3.5 kBT and * = 4 kBT, C¯ decreases with increasing
shear rate, which indicates that increasing flow strength affects the connectiv-
ity in the network. For the system with attraction strength * = 3.5 kBT, C¯
decreases dramatically for shear flows γ˙ > 10−3
√
kBT/ma2, because the flow
deforms the network. The average local clustering coefficient for the system
of * = 4 kBT also decreases dramatically for γ˙ > 5× 10−3
√
kBT/ma2. The
diagram of C¯ verifies that for shear rates below γ˙ = 10−3
√
kBT/ma2, the net-
works in both systems—with different adhesion strengths—are small-world
networks.
5.2
Rheology
Different types of materials exhibit various responses to external fields such as
shear flow. Solid-like materials resist the employed force with a finite defor-
mation. After cessation of the applying force, the solid-like material returns
to its original shape before deformation, if it is an elastic material. Fluid-like
materials resist the force field much less. Liquids undergo continuous defor-
mation under an applied force; they flow. The fluid response is characterized
1) For more information about the average local clustering coefficient
see appendix A.
2) two nodes are neighbors when they are connected via a rod.
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Fig. 5.17 Average local clustering coefficient as function of shear rate for the attraction
strengths * = 3.5 and 4 kBT.
by viscosity, i.e., how resistant the fluid is in the flow [58,88]. It takes more time
for liquids to respond to the force than for solids. The response of materials is
studied in rheology.
Between solids and fluids, there are viscoelasticmaterials, which can be con-
sidered as viscous solids or elastic fluids. Self-assembled telechelic polymer
networks are example of viscoelastic materials. In highly transient networks,
the mechanism of engagement of the sticker sites governs the viscoelasticity
of the system [100].
As shown in section 5.1, the structure of polymer network deforms under
shear flow. Its changes affect the viscosity of solution [101]. For a polymer
solution, viscosity of the system is the viscosity of solvent particles . When
the temporary bonds between the telechelic polymers are formed, the viscos-
ity of the system increases. The dynamics of the system, i.e., formation and
disintegration of cross-links, changes the viscosity [102,103].
A strong shear flow can disperse the particles and change the structure; in-
duce compact clusters, or destroy the connections between the functionalized
end-monomers. It can also induce anisotropy in the system by mechanical en-
tanglement (see Figs. 5.1–5.5). A polymer network exhibits an intrinsic slow
dynamics. Applying shear flow to the system accelerates the particles. If the
energy gained by the accelerated particles becomes more than the energy bar-
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rier of the bonds, the polymer network deforms. Shear flow can induce dense
aggregates in the system at intermediate shear rates (Figs. 5.2–5.4). When a
rod escapes from a cluster, it is re-adsorbed in another node. The rods aggre-
gate in the regions where the flow is weak and form densemeta-stable clusters
with sharp interfaces. These clusters are approximately unsheared and whole
cluster moves in the flow [104–107].
When the stress on the system exceeds a critical stress called yield stress, the
network deforms and polymers flow and perform tumbling motion.
Rheological properties of a system are characterized by the shear rate and
the relaxation time τ [107]. The relaxation time of polymers is obtained from
the time correlation function of their end-to-end vectors in dilute solution. The
normalized time correlation function is given by [26]
Cu(t) =
〈u(t)u(0)〉
〈u(0)2〉 , (5.4)
where u(t) is the end-to-end vector at time t. It can be shown that [26]
〈u(t)u(0)〉 ∝ exp (−t/τ) . (5.5)
The relaxation time τ is related to the rotational diffusion constant Dr accord-
ing to
Dr = 2τ =
3kBT (ln (Lr/lb)− ψ)
piηsL3r
, (5.6)
where Lr and lb are polymer length and monomer size, respectively. The term
ηs denotes the viscosity of the solvent and ψ is correction factor for the geom-
etry of the rods, which is for cylinders ψ ≈ 0.06.
Figure 5.18 shows the correlation function of the polymers obtained from
simulation and theory (red curve). The comparison yields the relaxation time
τ = 1389
√
ma2/kBT .
Relaxation time of a polymer describes the alignment time of a polymer in
flow [108]. We apply the relaxation time of dilute polymer solution for the
polymer network [107].
Depending on the shear rate and adhesion strength, self-assembled struc-
ture displays a wide variety of instabilities, such as shear banding and shear
fracture [98, 102].
5.2.1
Shear banding
As shown in figures 5.1–5.4, shear flow induces inhomogeneities in the net-
work structure (* > 3 kBT), which depend on the adhesion and the flow
strengths. The sheared network consists of a jammed phase (aggregation of
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Fig. 5.18 Correlation function of the end-to-end vector of a polymer in dilute solution. The
relaxation time follows from the comparison with the theoretical function (equation (5.5)).
the polymers) and a dilute polymer solution with a sharp interface between
these two phases, which has been reported before in simulations and experi-
ments for other systems [98,100,102,105,109–111].
Figure 5.19 shows the velocity profiles of the polymer for various attraction
strengths and shear rates. The profiles represent average over the velocities
of the last few hundred thousand time steps. For * = 2 kBT, the shear profile
is linear at all shear rates, as we expect for a polymer solution (Fig. 5.19(a)).
However, with considering coupling of polymer stress and density, a steady
shear banding in polymer solutions has been theoretically predicted recently
[109].
For the higher attraction strengths * = 3.5 and 4 kBT, the profile becomes
non-monotonic and asymmetric with respect to the origin at low shear rates
(γ˙ < 5 × 10−3 √kBT/ma2). There are plateaus that indicate the felt shear
rate in some regions is much less than the applied shear strength. Between
plateaus, there are regions, in which the shear rate is much higher than the
applied one. A comparison of the shear profiles to the snapshots of the sys-
tems illustrates that the plateaus appear in the regions of aggregates, where
the polymers are jammed.
The non-uniformity in the shear profile is due to a rheological phenomenon
called shear banding. Based on the geometry of the system, two kinds of shear
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Fig. 5.19 Monomer velocity profiles for various shear rates: (a) * = 2 kBT, (b) * = 3.5 kBT,
and (c) * = 4 kBT.
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banding can be found; gradient and vorticity banding. Gradient shear band-
ing occurs when the bands extend in the gradient direction, while in vorticity
banding the bands occur in the plane perpendicular to the shear gradient [96].
We obtain gradient banding.
Shear banding is the response of the system to the shear flow with strain lo-
calization in narrow zones. When the structure separates into the regions with
different concentrations and shear rates, the strain in the zones with higher
shear rates is much higher than the other regions in the system [110, 111]. In-
deed, the strain zones, which contain dangling network rods and non-bonded
tumbling polymers, are driven by instabilities caused by structure resistance
in the flow.
Formulation of the shear banding in simple models is independent of the
fluid composition [110,112]. In literature, the microstructure of shear bands is
explained as an effect of the elastic component of energy, which causes flow-
concentration coupling for polymers [113].
Shear bending in fluids is concomitant with a phase transition. In the low
shear bands, the flow is weak and the particles are aligned weakly along the
shear flow. In this region, the structure is more or less isotropic and the viscos-
ity is high. While in the high shear regions, the particles remain aligned and
form a paranematic phase with low viscosity (See the snapshots in Figs. 5.2–
5.4).
At high shear rates, a special case of shear bands is reported in experi-
ments [100, 106, 111, 114] and simulations [98, 102] for networks of telechelic
copolymers, which is called shear fracture. Shear fracture occurs when the sys-
tem bears high and sudden stress such that the system does not have enough
time to relax, i.e., the strain induced by the flow is much higher than the dy-
namics of the polymers [114, 115]. Unlike the smooth response in the plastic
manner in shear banding, the network ruptures in shear fracture and the sys-
tem responds as a solid-like material. In shear fracture, deformation of the
structure is in the way that the shear strain is localized in a definitely narrow
zone (narrower than in case of shear banding). Therefore, the shear profile
is not continuous [102]. Recognizing the shear fracture requires infinite accu-
rate shear profile. Hence, in practice, tiny shear bands are considered as shear
fracture.
Although polymer networks are apt to undergo fracture, they do not always
perform it [102]. In the shear profiles in Fig. 5.19, the flow curves are contin-
uous at low and medium shear rates (γ˙ ≤ 10−3 √kBT/ma2) and the shear
regions, which are at least on the order of one chain length, are not that much
narrow to be recognized as fracture zones.
At higher shear rates , γ˙ > 10−3
√
kBT/ma2, the flow is strong enough
to reform the scaffold-like structure into a polymer solution and make the
profile linear. The system becomes homogeneous, as shown in the snapshots
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Fig. 5.20 Monomer velocity profiles for various adhesion strengths and the shear rate γ˙ =
10−3
√
kBT/ma2.
and the shear profile becomes monotonic and approaches the profile of the
applied shear flow. Hence, the whole system behaves like a Newtonian fluid
and flows. But it may be possible to observe shear fracture in these systems at
shear rates between 10−3
√
kBT/ma2 < γ˙ < 5× 10−3
√
kBT/ma2.
Figure 5.20 shows the analogy of the responses of systems with different ad-
hesion strengths for the shear rate γ˙ = 10−3
√
kBT/ma2. The velocity profile
for * = 2 kBT is linear like the velocity profile of a polymer solution under
shear flow. In the other systems, two bands can be recognized in the profiles.
Both profiles indicate that the aggregated regions occupy approximately the
same ratio of the system volume (about 75% in the y-direction). The aggre-
gated regions are not sheared at all and whole blocks move together in one
direction and with the same velocity of all contained particles.
The shear bands in these two profiles appeared approximately at the same
regions in the middle of the simulation box. Generally, the shear bands may
appear anywhere along the shear gradient direction in simulations with peri-
odic boundary conditions. In experiments, shear bands or fracture always are
formed at the moving plates, and the jammed phases appear at the stationary
walls [100, 102].
The width of a shear band, or the average distance between the clusters, is
called mesh size ξ. It is on the order of polymer length (Fig. 5.20). The shear
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Fig. 5.21 Ratio between the applied shear rate and the shear rate γ˙′ in the shear bands for
the attraction strengths * = 3.5 kBT (red) and * = 4 kBT (blue). The inset illustrates the
Weissenberg number of the shear bands versus the Weissenberg number obtained from the
employed shear flow.
strength in the high shear rate bands is 4–6 times of the applied shear rate (See
Fig. 5.21). For both systems of * = 3.5 kBT and * = 4 kBT, inhomogeneity in
shear flow is observed in shear flows of γ˙ < 5× 10−3 √kBT/ma2. Since the
system assumes different morphologies in each simulation, the dispersion of
the results from the average is large.
The inset in Fig. 5.21 illustrates the changes of the Weissenberg number in
the high shear rate bandsWiband with that of the employed shear rateWi. The
Weissenberg numberWi is a dimensionless number, which is defined as
Wi = γ˙τ, (5.7)
where τ is the equilibrium relaxation time of the rods in dilute solution.
Wiband increases non-monotonically with increasing shear rate Wi. For high
shear ratesWi ≥ 10 or γ˙ ≥ 5× 10−3 √kBT/ma2,Wiband increases with slope
of unity, since the structure is deformed and the system is homogeneously
sheared.
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Fig. 5.22 Shear stress as function of strain for various shear rates. Applying a shear flow
imposes a high stress on the system at the onset of deformation (* = 3.5 kBT).
5.2.2
Shear stress and viscosity
Applying flow to the system induces shear stress σxy in the network. We cal-
culate the flow gradient component of the stress tensor σxy as explained in
section 3.3.6. Stress propagates in the structure through the polymers, which
act as harmonic springs [116]. Therefore, shear stress depends on the network
connectivity or in other words, adhesion strength.
Figure 5.22 shows the shear stress of the solute particles as function of the
strain γ for a system with * = 3.5 kBT and various shear rates. The plot
illustrates the start-up behavior of the system up to γ = 10. As Fig. 5.22
illustrates, the system shows a sharp response to the shear flow. For γ < 0.5,
the shear stress increases drastically and the system exhibits strain stiffening
[117,118]. The network hardness depends on the system structure. Shear flow
supplies energy to the system. This energy is stored and increases the stress.
In this situation, the network is not deformed, yet. Bonds that are broken
by the flow, are formed again, since the duration is much shorter than their
relaxation time.
Shear stress passes through a maximum for γ > 1. The position and height
of the maximum depends on the shear rate. For the lowest shear rate γ˙ =
10−4
√
kBT/ma2, the weakest maximum occurs at γ ≈ 1, while for the highest
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Fig. 5.23 Shear stress as function of shear rate for various attraction strengths. The system
with * = 2 kBT does not undergo shear banding.
γ˙ = 10−2
√
kBT/ma2 the strongest peak appears at γ ≈ 2.5. The particles
gain more energy for higher shear rates, therefore the shear stress maximum
is higher.
Reaching the rod relaxation time, the particles release the energy that they
gained from the flow, σxy decreases and the system exhibits strain softening.
Strain softening occurs, when the network is deformed. Since at higher shear
rates the structure deforms more, the reduction in σxy is more pronounced in
this case than at the lower shear rates.
The shear stress levels-off at high strains. The magnitude of σxy in this limit
depends on the shear strength; the higher the shear rate, the higher the shear
stress.
Figure 5.23 shows the shear stress as function of shear rate for the systems
with various attraction strengths at large strains (γ = 100). For * = 2 kBT,
or the polymer solution, increasing γ˙ results in an increasing shear stress. For
γ˙ > 10−3
√
kBT/ma2, the rods start to align along the flow direction, σxy
increases slower with γ˙, since shear stress depends on the alignment of the
rods [105].
For the systems with higher attraction strengths, * = 3.5 and 4 kBT, the
shear stress does not increase monotonically with γ˙. The rate of increase of σxy
changes between 5× 10−4 √kBT/ma2 < γ˙ < 5× 10−3 √kBT/ma2, where the
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Fig. 5.24 Viscosity as function of Weissenberg number for various attraction strengths. Non-
monotonic behavior between 1 < Wi < 5 is related to shear bands.
shear bands occur in the network. Since the bands are not connected, the stress
cannot be transferred between them. Therefore, we obtain non-monotonic
curves. For shear rates γ˙ ≥ 5 × 10−3 √kBT/ma2 and * = 3.5 kBT as well
as γ˙ ≥ 10−2 √kBT/ma2 for * = 4 kBT, the systems behave like polymer
solutions.
The viscosity of a system is obtained from equation (3.24). Fluids yield dif-
ferent responses to shear flow. According to their responses, fluids are divided
into three different groups; Newtonian fluids, shear thinning and shear thicken-
ing fluids. In Newtonian fluids, the viscosity is independent fromWeissenberg
number, i.e., shear stress is a linear function of shear rate. In shear thinning
fluids, the viscosity decreases with increasing Wi, i.e., shear stress increases
nonlinearly with increasing γ˙, with ∂
2σxy
∂γ˙2
< 0. In contrast, in shear thicken-
ing fluids, the higher the Weissenberg number, the more viscous the fluid. In
shear thickening fluids, shear stress increases with increasing shear rate, but
the curvature is ∂
2σxy
∂γ˙2
> 0.
Figure 5.24 shows the viscosity as functions of the Weissenberg number.
ForWi < 0.5, the system with * = 2 kBT is Newtonian, i.e., the viscosity does
not change with shear rate. The polymer solution shows a power-law shear
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thinning forWi > 1, or γ˙ > 5× 10−3 √kBT/ma2, where the rods align along
with shear flow.
The systems of * = 3.5 and 4 kBT, in which the end-functionalized polymers
form scaffold-like network, do not show viscoelastic behavior like polymer
solutions.
At very low shear rates, Wi < 0.1, the network displays shear thickening,
since the structure is isotropic and the rates of formation and deformation of
the cross-links are much faster than the shear-induced displacements [98]. The
network resists the flow by concentrating the aggregation and becomes thick
in the flow.
This initial regime is followed by a shear thinning regime for Wi > 0.1.
Unlike the polymer solution, shear thinning in polymer-gels does not show a
continuous power-law dependence. Shear thinning is weak forWi < 1, since
the aggregated network still exists.
For Wi > 1 the viscosity curve becomes non-monotonic and a plateau ap-
pears. This plateau can be attributed to shear banding. In shear banding, the
network separates into the smaller high-aggregated clusters, with polymers
dangling and tumbling in the space between the clusters, where the flow is
localized. Since the clusters are separated, the elastic stress cannot be trans-
ferred between these two clusters.
The two different phases in the system—polymer solution and aggregated
network—possess different viscoelastic properties; a high viscosity in aggre-
gated networks contrary the the low stress in the dilute sheared polymer solu-
tion. The dangling strands and tumbling rods show shear thinning, while the
aggregated networks display shear thickening. Therefore, the viscosity of the
system in this regime is unstable and depends on the structure (mechanical
instabilities). The balance between the viscoelastic components in the system
changes and either shear thickening or shear thinning occurs. In many simu-
lations and experiments an unstable curve, like a van der Waals loop for the
viscosity is reported [96, 98, 101, 103, 108,111,113,119,120].
Increasing the shear rate above Wi = 5, which breaks the cross-links, re-
duces the viscosity of the system and a strong shear thinning appears, which
is attributed to a phase transition in the system. The shear thinning is caused
by the shear-induced alignment of the broken networks. Shear-induced disin-
tegration results in power-law shear thinning [121].
5.3
Reversibility
We showed that applying shear flow to the self-assembled scaffold-like net-
works of the telechelic polymers leads to network deformations. One may
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Fig. 5.25 Reversibility of the sheared network. (a) The network before employing the shear
flow; (b) after γ = 150 with the shear rate γ˙ = 5 × 10−4 √kBT/ma2; (c) γ = 200 after
switching off the shear flow; (d) shear stress changes with strain during shearing and after
turning off the flow. We start to calculate shear stress after γ = 50.
wonder about the reversibility of the process: is the structure reformed af-
ter switching off the shear flow? Do the end-functionalized polymers self-
assemble again to make a homogeneous scaffold-like network?
Figures 5.25–5.27 show three systems of size L = 50a and 926 rods with at-
traction strength * = 3.5 kBT before and after applying shear flow. Snapshots
represent (a) the system before shearing, (b) γ = 100 after shearing, and (c)
γ = 200 after switching off the flow.
The shear rate in Fig. 5.25 is γ˙ = 5× 10−4√kBT/ma2; the system undergoes
shear banding (b). As the snapshot shows, the polymers are bonded in the
aggregated cluster and form a tight structure. Since the attraction between
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Fig. 5.26 Reversibility of the sheared network. (a) The network before employing the shear
flow; (b) after γ = 150 with the shear rate γ˙ = 10−3
√
kBT/ma2; (c) γ = 200 after switching
off the shear flow; (d) shear stress changes with strain during shearing and after turning off the
flow. We start to calculate shear stress after γ = 50.
the end-monomers depends on their distance, aggregated cluster still exists at
long times after switching the flow off. The shear stress decreases by 75% after
turning the shear flow off (d).
In Fig. 5.26 the same effect appears. The applied shear rate is γ˙ =
10−3
√
kBT/ma2. Since the attraction strength between the end-functionalized
polymers is so strong, the system cannot relax back and reform the scaffold-
like network (c). The shear stress drops by 60% in this regime.
Figure 5.27 represents the result for a system at the higher shear rate,
γ˙ = 5× 10−3√kBT/ma2. Here, bands cannot be formed (b). The polymers are
mostly aligned with the flow. When we turn off the shear, the rods reassemble
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Fig. 5.27 Reversibility of the sheared network. (a) The network before employing the shear
flow; (b) after γ = 150 with the shear rate γ˙ = 5 × 10−3 √kBT/ma2; (c) γ = 200 after
switching off the shear flow; (d) shear stress changes with strain during shearing and after
turning off the flow. We start to calculate shear stress after γ = 50.
in a network (c). Since at the onset of assembling, the rods in the system are not
homogeneously distributed and oriented, the formed structure is not homo-
geneous and does not span the whole volume (c). The shear stress approaches
at the end of the simulation 30% of its initial plateau value (d). Contrary to the
fracture in solids, bands may heal and disappear in the viscoelastic gel-like
structures, if we carry on the simulation for long times [91, 100, 106]. We also
checked the total energy of the network structures before and after switching
the shear flow off. The difference in energies is rather small that makes it quite
possible to reform the network and return to the scaffold-like structure.
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6
Quasi-two-dimensional system
In this chapter, we report the equilibrium and non-equilibrium behavior of the
systems of semiflexible telechelic polymers in two-dimensions. For some ap-
plications, such as optical switches and biosensors, thin films of gel structures
are required [122]. Structural properties of the 2-D structures can be studied
easier from their pictorial representation, since the structure is planar.
Monolayer gels can be field-induced—such as ferrogels induced by mag-
netic fields [122] or structure of silica microspheres in electric fields [123]—or
self-assembled nano-particles—such as shape-inducedmonolayer structure of
ellipsoidal particles [4, 124]. In the last example, if the structure is formed at
the interface of two fluids, the driving force will be shape induced capillary
forces, which depends on the geometric shape and size of the particles, vol-
ume fraction, surface charge and wetting properties [4, 124–126].
In our simulations, the polymer length is Nm = 15. We consider a cuboid
simulation box with Lx = Ly = 100a and Lz = 50a. To obtain a quasi-two-
dimensional system of rods, we restrict the polymers in the xy-plane. We keep
the particles at z = 25a by applying harmonic potential
Utrap =
1
2
κtrap (z− 25a)2 , (6.1)
with a relatively large spring constant of κtrap = 6000kBT/a2. This potential
is applied to every monomer. The solvent particles are free to move over the
whole volume. Hence, the particles confined to the plane experience three-
dimensional hydrodynamic interactions.
6.1
Equilibrium
In two-dimensional systems, the particles have one degree of freedom less
than the particles in three-dimensional systems. Since the polymers are re-
stricted in exactly one layer, the rods cannot cross over each other. Hence,
they have to move along the other rods and turn around them to pass each
other. Therefore, it takes more time for the particles to form a uniform config-
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Fig. 6.1 Snapshots of structures in two-dimensions for various attraction strengths and
Np = 150 polymers. (a) * = 2.5 kBT; (b) * = 3 kBT; (c) * = 3.5 kBT; (d) * = 4 kBT; (e)
* = 4.5 kBT; (f) * = 5.5 kBT.
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Fig. 6.2 Distribution of the angle between the end-to-end vectors of two end-touching rods
for various attraction strength (Np = 150). For systems of * = 4.5 kBT, the distribution has a
pronounced peak at cos(θij) = 0.5 (θij = 60◦), which indicates that triangles are formed in the
network. This peak does not appear in the distribution for the system with * = 3.5 kBT.
uration than in 3-D. Moreover, to form cross-links of considerable lifetime, a
strong attraction between end-monomers is needed.
6.1.1
Systems with different adhesion strengths
Figure 6.1 presents snapshots of systems with Np = 150 rods with various
attraction strengths at equilibrium. For * = 2 kBT, few temporary cross-links
with two or three rods are formed (Fig. 6.1 (a)). In three dimensions, at this
adhesion strength, a larger number of nodes, with more rods inside can be
found (see Fig. 4.10).
Although increasing the attraction strength to * = 3.5 kBT induces more
nodes to be formed in the system, we still cannot find clusters—equilateral
triangles—in the box. Indeed, as Figs. 6.1 (b) and (c) show, the formed nodes
are separated and no network appears.
For * > 4 kBT, the nodes are connected and a network is formed. However,
there are only a few equilateral triangles in the network. As it can be seen in
Fig. 6.1 (d)–(f), many bridges and dangling polymers exist in these networks.
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Fig. 6.3 Dependence of the number of cross-links on the attraction strength in the system with
Np = 150. The red and blue curves show the number of bridges and nodes, respectively. The
number of bridges assumes a maximum at * = 3.5 kBT and the number of nodes begins to
increase for * > 3 kBT for the two-dimensional system, while in the three-dimensional system,
these values were around * = 2 kBT. For * > 4.5 kBT, the number of nodes levels off.
For the highest attraction strength * = 5.5 kBT, we can find less number of
dangling polymers and almost no non-bonded rods.
6.1.2
Orientation of rods of different adhesion strengths
Figure 6.2 represents distributions of the angle between the end-to-end vec-
tors of two neighbor polymers for two systems with the attraction strengths
* = 3.5 and 4.5 kBT. For the system of * = 3.5 kBT—no network is formed
and only a few nodes exist—we cannot see any significant peak in the angle
distribution. The two sharp peaks at cos(θij) = −1 and +1 are related to the
end-touching polymers and parallel rods in bundles, respectively. The distri-
bution illustrates that the angles θij > 90◦ (cos(θij)<0) between the neighbor
rods are more probable.
For * = 4.5 kBT (the network is formed), the distribution has a pronounced
peak at cos(θij) = 0.5 or θij = 60◦. The least probability occurs at cos(θij) = 0.
For cos(θij) < 0.3, both systems have approximately the same distribution,
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Fig. 6.4 Distribution function of the number of links per node for various attraction strengths.
The solid lines are polynomial distributions and the dots are the simulation data.
but for * = 4.5 kBT we may find a smaller number of end-touching polymers
with the same orientations (cos(θij) = −1).
6.1.3
Node properties at equilibrium
Figure 6.3 represents the changes in number of nodes and bridges with attrac-
tion strength. Similar to the three-dimensional systems, in the low attraction
regimes, the formed cross-links are mainly bridges (see Fig. 4.12). In the sys-
tems of * < 2.5 kBT we hardly find cross-links. By increasing the attraction
strength, the number of nodes and bridges increase. The number of bridges
reaches amaximum at about * = 3.5 kBT, where the number of nodes becomes
comparable with number of bridges. By increasing the adhesion strength to
* > 3.5 kBT, a network is formed in the system and bridges join together and
make nodes. Therefore, the number of bridges decreases and at * = 5.5 kBT
they almost disappear.
The number of nodes increases with increasing adhesion strength and
reaches a plateau for * > 4.5 kBT. Comparing the changes in cross-links
in two- and three-dimensional systems, we find that in two-dimensions the
number of bridges reaches its maximum and the number of nodes saturates
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Fig. 6.5 Average global clustering coefficient as function of attraction strength. Networks
are formed for * > 3.5 kBT . For * < 3.5 kBT no network is formed, hence, the clustering
coefficient is zero.
at higher attraction strengths than in three-dimensional systems. Hence, node
formation—and network formation—in two-dimensions requires a stronger
attraction between sticker sites.
Figure 6.4 shows the distribution of the links per node for systems with var-
ious adhesion strengths. In 2-D systems, we can qualitatively describe the link
distributions by the polynomial distribution. At the lowest attraction strength
* = 2.5 kBT, in which there are few nodes in the system—which are not con-
nected at all—the distribution peaks at the origin.
For * = 3.5 kBT, a larger number of nodes is formed in the system and
some of these nodes may be linked, therefore the distribution peaks at unity.
For * ≥ 4.5 kBT, in which a network is formed, the most probable number
of neighbors approaches 3–4. Although the distribution of links in 2-D looks
similar to that in 3-D, the average number of links per node in 2-D systems is
less than in 3-D. Due to the excluded volume of the beads, there is a limitation
in the number of rods inside a node in 2-D. The number of rods forming a
node usually does not exceed 10.
Figure 6.5 illustrates the global clustering coefficient obtained from equa-
tion (4.4) for networks with different adhesion strengths. The global cluster-
ing coefficient confirms that * = 3.5 kBT is the onset of triangle and cluster
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formation in the 2-D system. The clustering coefficient is too low (C < 0.2) to
call the network aWS network (section 4.2.1).
6.2
System in shear flow
As mentioned in section 6.1, for the sake of having nodes, an adhesion
strength of * > 3.5 kBT is required. To study the non-equilibrium behav-
ior of the system in 2-D, we fix the attraction strength to * = 4.5 kBT and
change the number of polymers Np. We perform the simulations of three sys-
tems with different number of polymers, namely Np = 130, 150 and 170, for
various shear rates.
As for the system in 3-D, we apply the shear flow by using Lees-Edwards
periodic boundary conditions. The shear flow direction is along the x-axis and
the flow gradient is along the y-axis.
6.2.1
Morphology
Figures 6.6–6.8 show snapshots of systemswith different Nps and various flow
strengths. Concentration affects the system morphology, since the polymers
need some space—free of rods—for rotating or translating to respond to the
flow.
At the lowest applied shear rate γ˙ = 5 × 10−5 √kBT/ma2, the network
structure in the system of Np = 130 breaks into parts and a void space ap-
pears, but all nodes are still connected. The system of Np = 150 also partially
deforms at this shear rate and small holes appear. The system of Np = 170
exhibits a different behavior at this shear rate. Since this system is rather
crowded, the polymers have less freedom to rotate or tumble. The structure
is stronger influenced by the shear. The network becomes compressed, and a
free space of nodes appears in the network, which is reminiscent to the shear
banding effect. Nodes are connected and form long bridges or rope-like struc-
tures (see Figs. 6.6–6.8 (a)).
Figures 6.6–6.8 (b) represent the systems for γ˙ = 10−4
√
kBT/ma2. In the
system of Np = 130 most of the rods elongate along the flow direction and
most of the nodes are converted to bridges. Parallel rope-like bridges are
formed, which are connected. Void space with tumbling rods appears. In con-
trast, in the system of Np = 150 an aggregation of rods can be found, which
spans the system in y-direction. A large void, which covers almost 25% of the
area, can be recognized. In the system of Np = 170 the void space disappears.
The rope-like bridges become thinner and connected.
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Fig. 6.6 Snapshots of aggregated structures in two-dimensions for various shear rates. These
systems consist of Np = 130 polymers with * = 4.5 kBT. (a) γ˙ = 5× 10−5
√
kBT/ma2;
(b) γ˙ = 10−4
√
kBT/ma2; (c) γ˙ = 5× 10−4
√
kBT/ma2; (d) γ˙ = 10−3
√
kBT/ma2; (e)
γ˙ = 5× 10−3 √kBT/ma2; (f) γ˙ = 10−2 √kBT/ma2.
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Fig. 6.7 Snapshots of aggregated structures in two-dimensions for various shear rates. These
systems consist of Np = 150 polymers with * = 4.5 kBT. (a) γ˙ = 5× 10−5
√
kBT/ma2;
(b) γ˙ = 10−4
√
kBT/ma2; (c) γ˙ = 5× 10−4
√
kBT/ma2; (d) γ˙ = 10−3
√
kBT/ma2; (e)
γ˙ = 5× 10−3 √kBT/ma2; (f) γ˙ = 10−2 √kBT/ma2.
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Fig. 6.8 Snapshots of aggregated structures in two-dimensions for various shear rates. These
systems consist of Np = 170 polymers with * = 4.5 kBT. (a) γ˙ = 5× 10−5
√
kBT/ma2;
(b) γ˙ = 10−4
√
kBT/ma2; (c) γ˙ = 5× 10−4
√
kBT/ma2; (d) γ˙ = 10−3
√
kBT/ma2; (e)
γ˙ = 5× 10−3 √kBT/ma2; (f) γ˙ = 10−2 √kBT/ma2.
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In figures 6.6–6.8 (c), we can see small networks for γ˙ = 5× 10−4√kBT/ma2.
In the system of Np = 130, there are still rope-like bridges, which are slightly
deformed. The number of tumbling rods increases. The small cluster in the
system of Np = 150 segregates and a few smaller clusters appear. The rods ori-
ent along the flow direction to feel less torque [105]. In the system of Np = 170,
the ropes deform and small clusters of elongated rods appear.
Increasing the shear rate to γ˙ = 10−3
√
kBT/ma2 destroys most of the
cross-links in the system of Np = 130, and the remaining nodes are separated
(Fig. 6.6 (d)). In the system of Np = 150, the flow resolves most of the nodes,
as well. In the system of Np = 170, we still have a number of small nodes,
which rotate in the flow.
For shear flows with γ˙ ≥ 5× 10−3 √kBT/ma2, as Figs. 6.6–6.8 (e) and (f)
show, the networks in all systems are broken and the rods elongate along the
flow direction and perform fast tumbling motion [32, 89, 127]. In high shear
rate flows, few nodes with relatively short lifetimes are formed, since the poly-
mers get close to each other during tumbling.
6.2.2
Rod orientation
Systems of different concentrations exhibit a similar response to shear flow, as
mentioned in section 6.2.1. In the system of higher concentration, the poly-
mers have less space to rotate and tumble. We pick the system with highest
concentration, Np = 170, to analyze.
Figure 6.9 (a) represents the distribution of the angles between the end-to-
end vectors of two neighbor polymers for various shear rates. Unlike to the
3-D case, even at low shear rates, i.e., γ˙ = 10−4
√
kBT/ma2 we cannot see
any peak at cos(θij) = 0.5, which means that almost no triangle is present
in the network. The distribution is almost flat for −0.7 < cos(θij) < 0.7,
which indicates that there is no preferred angle in the structure. The only
pronounced peaks in this distribution occur at cos(θij) = ±1 and are related
to bridges and rope-like structures.
Figure 6.9 (b) shows the distribution of the angles between the end-to-end
vectors of the polymers and shear gradient for different shear rates. At low
shear rates, γ˙ = 10−4
√
kBT/ma2 and 10−3, depending on the orientation of
the rope-like bridges, the distribution peaks in the interval−0.2 < cos θ < 0.2.
These are broader than that for distribution in γ˙ = 10−2
√
kBT/ma2. For
γ˙ = 10−2
√
kBT/ma2, the nodes and the clusters are deformed, and hence the
distribution peaks at cos θ = 0, which means that the rods are oriented along
the flow direction [128].
As figure 6.9 (c) illustrates, the systems with different concentrations ex-
hibit the same behavior at high shear rates (γ˙ = 10−2
√
kBT/ma2). Since at
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Fig. 6.9 Distributions of the angles between (a) the end-to-end vectors of neighboring rods
(Np = 170); (b) the end-to-end vectors of the rods and the shear gradient direction (y-axis) for
various shear rates (Np = 170); (c) the end-to-end vector of the rods and the shear gradient
direction for the shear rate of γ˙ = 10−2
√
kBT/ma2 for systems with different concentrations.
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low shear rates local clusters or rope-like bridges are formed, the distributions
become asymmetric depending on the orientation of the present clusters.
6.2.3
Node properties
Figure 6.10 (a) shows the changes in the number of nodes with shear rate in
2-D systems for various concentrations. As we see in Figs. 6.6–6.8, shear flow
deforms the nodes and networks. With increasing shear rate, the rods align
along the flow direction. Hence, the nodes are converted to bridges and the
network, which is made of triangles, deforms to rope-like bridges that are
aligned along the shear flow. Therefore, the number of nodes decreases with
increasing shear rate.
Increasing the shear rate to γ˙ > 5× 10−4 √kBT/ma2 destroys most of the
nodes in the system and reduces the number of nodes drastically.
In contrast, in 3-D systems, the number of nodes remains almost constant
by increasing shear rate until the rope-like structure is formed. In the rope-
like structures, the number of nodes decreases. By increasing the shear rate
and deforming the ropes, the number of nodes increases again, since nodes
are formed in planes parallel to xz-plane.
Figure 6.10 (b) shows the changes in the number of bridges with shear
rate. In the systems with various concentrations, the number of bridges
increases by increasing the shear strength. For the system of Np = 130,
which has the lowest concentration, the number of bridges decreases for
γ˙ > 5× 10−3 √kBT/ma2. At low concentration, since the distance between
polymers is larger than at higher concentrations, when they tumble under
high shear flow, they can rarely find other polymers to form a cross-link.
Hence, the number of bridges decreases at high shear rates.
Figure 6.11 shows the distribution of the number of links per node for three
systems of different concentrations for various shear rates. All three systems
exhibit qualitatively the same distribution of links.
Similar to the 3-D systems, an increasing shear rate breaks the links between
nodes and reduces the average number of neighbors of the nodes. At low
shear rates γ˙ ≤ 10−4 √kBT/ma2, the average number of node neighbors is
2–3, which is much less than for 3-D systems (see Fig. 5.14). At the highest
shear rate γ˙ = 10−2
√
kBT/ma2, the average number of links per node tends
to zero. The solid lines represent polynomial distribution which is defined in
equation (4.5).
Figure 6.12 shows the changes in average local clustering coefficient C¯ (de-
fined in equation (5.3)) with shear rate for the systems with different number
of polymers.
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Fig. 6.10 Average number of (a) nodes and (b) bridges as a function of shear rate for systems
of various Np.
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Fig. 6.11 Distribution of the number of links per node for various shear rates and concentra-
tions (a) Np = 130, (b) Np = 150 and (c) Np = 170. The symbols represent simulation results
and the solid lines are polynomial distributions.
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Fig. 6.12 Average local clustering coefficient as function of shear rate for various concentra-
tions.
For the systems with Np = 130 and 150, C¯ decreases with increasing shear
flow. For γ˙ ≤ 5 × 10−4 √kBT/ma2, where the polymer networks are de-
formed, the average local clustering coefficient decreases drastically, but for
higher shear rates decreases with a lower rate.
In the system with Np = 170, shear bands that appears at low shear flow
disappear by increasing the shear rate to γ˙ ≤ 10−4 √kBT/ma2. Therefore,
the average local clustering coefficient increases with increasing shear rate.
For γ˙ ≥ 5× 10−4 √kBT/ma2 the bands disappeared and the nodes become
disconnected, hence C¯ decreases with increasing flow rate.
6.2.4
Rheology
Figure 6.13 shows the velocity profiles for systems with (a) Np = 130 and
(b) Np = 170 and various shear rates. Both profiles demonstrate that the
velocity profiles are linear for high shear rates (γ˙ ≥ 5 × 10−4 √kBT/ma2).
For low shear rates (γ˙ ≤ 10−4 √kBT/ma2), a non-linearity appears in the
profiles, which is more pronounced for γ˙ = 5 × 10−5 √kBT/ma2. The ve-
locity profile for the system of Np = 170 shows shear banding for the lowest
shear rate. The snapshot of the system in Fig. 6.8 (a) provides the evidence
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Fig. 6.13 Velocity profiles for various shear rates; (a) Np = 130 and (b) Np = 170.
of shear bands with sharp interfaces. Although the shear profile is non-linear
for γ˙ = 10−4
√
kBT/ma2, no confined shear band can be recognized in the
configuration snapshot.
Figure 6.14 represents the viscosity changes with Weissenberg number for
the systems of various Nps. All three systems demonstrate linear shear thin-
ning, i.e., the stronger the shear, the smaller the viscosity. The figure also
shows that the viscosity depends on concentration, i.e., it increases with in-
creasing concentration.
114 6 Quasi-two-dimensional system
0.1
1
10
0.1 1 10
V
is
co
si
ty
η
Wi
Np = 130
Np = 150
Np = 170
Fig. 6.14 Viscosity as function of Weissenberg number for various numbers of polymers.
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Conclusion
We have studied two- and three-dimensional systems of end-functionalized
semiflexible polymers at equilibrium and under shear flow. We performed
coarse-grained simulations of suspensions of telechelic polymers in sys-
tems with periodic boundary conditions, by implementing a particle-based
mesoscale hydrodynamic simulation approach, combining the multiparticle
collision dynamics method, MPC, and molecular dynamic simulations, MD.
Equilibrium When two telechelic polymers with mutually attractive ends get
close together, they form a temporary physical bond or cross-link. If a large
number of these polymers get close together, they form nodes, clusters and
ultimately a scaffold-like network. Volume fraction, adhesion strength, aspect
ratio (polymer length), attraction range, and flexibility are the parameters that
govern the network structure. Among these parameters we fix the attraction
range and persistence length—in all simulations they are 1.22a and 50a, re-
spectively.
In the 3-D system, for φ = 0.039, Nm = 10 and * = 3.5 kBT, we obtain a
scaffold-like network with the most probable angle between rods of θij = 60◦.
The fcc peaks in the inter-chain end-monomer structure factor confirms the
quasi-regular network that contains equilateral triangles of rods.
By studying the effects of rod concentration on the structure of the system
with Nm = 10 in 3-D, we find that a minimum volume fraction (φ = 0.026)
is required to achieve a homogeneous and isotropic network, which spans
the whole volume of the simulation box. On the other hand, by increasing
the volume fraction above φ = 0.047, the number of nodes saturates and we
obtain more crowded nodes. The global clustering coefficient also levels-off,
which means that the connectivity of the network does not change anymore
with concentration.
The system with Nm = 15 qualitatively behaves in the same way. How-
ever, since the rods are longer, the structural holes are larger. Therefore, the
minimum concentration required for spanning the whole volume is shifted to
φ ≥ 0.04.
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The most significant parameter in node formation—and consequently
clustering—is the attraction strength. The attraction energy should exceed
the thermal energy kBT. In three-dimensional systems with Nm = 10 and
15, nodes can be formed for attraction strengths * > 2.5 kBT, while in 2-D
system the minimum required attraction strength for the node formation is
* = 3 kBT. Since the polymers in 2-D systems are restricted to one layer and
have one degree of freedom less, they cannot easily pass each other. Hence,
they have to move along the other rods and turn around them to pass. There-
fore, to form cross-links with considerable lifetimes, a strong attraction be-
tween end-monomers is needed. Accordingly, in 2-D systems, for * > 3.5 kBT
the polymers start to form a network, while in 3-D systems—for both aspect
ratios—the network formation begins for * ≥ 3 kBT.
When a network is formed in the system, the global clustering coefficient
and the average number of links per node increase. A further increase in the
adhesion strength above an upper limit, does induce more connectivity in the
network and only affects the network stability. This limit in 3-D systems is
* ≥ 4 kBT, while in 2-D system it has a higher value * ≥ 5 kBT, for both aspect
ratio.
Non-equilibrium Depending on the attraction strength, networks of rods ex-
hibit distinctly different responses to shear flow. We have studied systems
with the attraction strengths * = 2 kBT, which is a low attraction regime or a
polymer solution, * = 3.5 and 4 kBT, in which the polymers form scaffold-like
networks. According to the response of the polymer network to shear flow, we
can call the shear rates smaller than γ˙ = 10−3
√
kBT/ma2 low shear rates, in
which the polymers tumble and assume random orientations, and high shear
rates γ˙ ≥ 10−3 √kBT/ma2, where the rods align and also perform tumbling
motion.
The behavior of the polymer networks in shear flow is more complicated
and we have to define three different flow regimes: low, medium and high
shear rates. At low shear rates, the the flow is not strong enough to break the
bonds. The structure resists the flow by becoming compact along the gradient
direction (with sharp interfaces) and forming a narrow band with a strongly
sheared fluid. Therefore, the whole compact structure moves with a common
velocity and the polymers inside the block do not experience the flow. The
low shear rate regime for system of * = 3.5 kBT is γ˙ ≤ 10−4
√
kBT/ma2, while
for * = 4 kBT it becomes γ˙ ≤ 5 × 10−4
√
kBT/ma2, since the system with
* = 4 kBT is more stable in shear and more resistant.
Under medium shear rates, the system undergoes shear banding, i.e., the
system is divided into two or more blocks of aggregated polymers, which are
parallel aligned with the flow direction. The rods inside the blocks are aligned
along the flow direction. Between the blocks, we can find free tumbling rods
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and dangling polymers at the interfaces. In this regime, shear flow can break
bonds and detach polymers from the aggregated blocks and induce tumbling,
but the non-bonded rods may readsorb to the blocks and form new bonds.
In this regime, the rate of detaching and attaching of the rods are equiv. The
bands occur in the system with * = 3.5 kBT at shear rates between 5× 10−4 ≤
γ˙ ≤ 10−3 √kBT/ma2, and in the system of * = 4 kBT for 10−3 √kBT/ma2 ≤
γ˙ ≤ 5× 10−3 √kBT/ma2. At γ˙ = 10−3 and 5× 10−3 √kBT/ma2 for system
of * = 3.5 and 4 kBT, respectively, the polymers form long and thick bridges,
which look like ropes.
At high shear rates, the bonds and the networks disappear, nodes are de-
formed, and polymers perform a fast tumbling motion. We can find small
structures in layers parallel to the flow, which contain bridges and small
nodes. In this regime, most of the polymers are aligned along the shear
direction. The high shear rates are γ˙ ≥ 5 × 10−3 √kBT/ma2 and γ˙ ≥
10−2
√
kBT/ma2 for the systems of * = 3.5 and 4 kBT, respectively.
The scaffold-like structures for the attraction strengths * = 3.5 and 4 kBT ex-
hibit similar node properties for all levels of shear strength (low, medium and
high). At the low shear rates, the number of nodes and bridges do not show
changes in both systems. The average number of links per node, size of nodes
and the global clustering coefficient do not differ much for both systems, too.
In medium shear flow, bands are formed in the systems and a further in-
creasing of the shear rate results in the formation of rope-like structure. There-
fore, increasing the shear rate decreases the number of nodes and increases the
number of bridges. In this regime, the average number of links per node de-
creases, but the size of nodes increases. The global clustering coefficient starts
to decrease, however it decreases stronger for * = 4 kBT, since a tighter rope-
like structure is formed in this system and the number of triangles decreases
drastically.
However, in high shear flows, where the rope-like structure breaks, the
number of nodes increases with increasing shear rate. The number of bridges
increases with a higher rate, as well. At high shear rates, the average number
of nodes per link and size of nodes decrease drastically. The global clustering
coefficient drops dramatically, too.
The rheological properties of a polymer system strongly depend on its struc-
ture. Polymer solutions (* = 2 kBT) exhibit linear velocity profile for various
shear rates, which confirms that the systems show a uniform response to flow.
However, polymer networks showdifferent responses depending on the shear
strength, as they assume different configurations under the various flows.
As mentioned, the particles in blocks of polymers, which occur for medium
shear rates, move together with the same velocity. Therefore, the shear flow
profiles of these systems exhibit plateaus, which belong to these blocks. The
fluid between the blocks, shows much stronger shear responses than the ap-
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plied shear flow. Under high shear rates, both systems exhibit linear shear
profiles.
Applying shear flow to a system induces a shear stress σxy in the network.
In the polymer solution, σxy increases by increasing the shear rate. However,
in polymer networks, σxy does not increase monotonically with γ˙. The rate
of increase of the shear stress changes for medium shear rates, where bands
occur. Since the bands are not connected the shear stress cannot be transferred
between them via polymers, but in high shear rates, σxy again increases with
shear rate monotonically.
The viscosity of polymer solutions is rate independent at low share rates,
but in the high shear regime, where rods are aligned by the flow, they exhibit
a power-law shear thinning behavior. In the polymer networks at low shear
rates, the viscosity does not change much, although, the network may display
shear thickening due to its enhanced resistance by concentrating the blocks of
polymers in the flow. Under medium shear rates, the viscosity becomes non-
monotonic and a plateau appears. This plateau is attributed to shear banding,
where the elastic stress cannot be transferred between the clusters. At high
shear flows, a power-law shear thinning behavior is obtained, since the struc-
tures break and the polymers aligned.
The band formation is partially reversible, i.e., when we turn the shear flow
off, depending on the distance between the blocks of the polymers and con-
centration of polymers in blocks, homogeneous and isotropic structures are
reformed.
For two-dimensional systems in shear flow, we can find shear bands for
very low shear rates. The bands are more pronounced at higher concentra-
tions. Shear flow breaks the nodes and makes the polymers rotate or tumble.
In the systems with higher concentrations, Np = 150 and 170, the polymers
may reconnect to other polymers and form temporary bonds, but in the dilute
system with number of polymers Np = 130, the particles rotate fast at high
shear rates and cannot form new bonds. Therefore, increasing the shear rate
decreases the number of nodes and increases the number of bridges, however
in the system with Np = 130 at high shear rates, the number of bridges de-
creases.
The average number of links per node and the global clustering coefficient
also decrease with increasing shear flow. However, the global clustering coef-
ficient for the system with Np = 170 increases at the beginning because of the
shear bands formed in the system.
Since we can hardly find shear bands in 2-D systems, the velocity profiles
are linear except for the very low shear rates, where the network separates
and bands appear. These systems show power-law shear thinning curves and
the viscosity increases with concentration.
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There remain a number of aspects and issues, which can be addressed in the
future. We analyzed and studied the effects of density, polymer length and
attraction strength on the gel-like polymer networks, at equilibrium and non-
equilibrium conditions. The stiffness of the polymers also has a significant
effect on the structure of network, e.g., flexible polymers can form loops and
self-assemble into other kinds of structures with different physical properties.
The attraction range is another parameter governing the structure, which is
related to the type of the interactions between end-group adhesive particles.
Changes in the attraction range affects the node formation and consequently
the self-assembled structure.
Only small ranges of parameters have been considered. In order to establish
full equilibrium and non-equilibrium phase diagrams, more detailed studies
are required.
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Summary
We performed mesoscale hydrodynamic simulations of suspensions of end-
functionalized rodlike polymers at equilibrium and under shear flow by im-
plementing a hybrid simulation approach—themultiparticle collision dynam-
ics method—which is a particle-based mesoscale simulation approach for a
fluid, combined with molecular dynamic simulations for the polymers. A
coarse-grained semiflexible polymer model is adopted, where stiffness is con-
trolled by a strong bending potential. The monomers are purely repulsive, ex-
cept of the end monomers, which mutually attract each other by a short-range
potential. Above a critical attraction strength, the monomers form temporary
physical bonds, both in two- and three-dimensions. At low densities, this
leads to the formation of finite-size clusters. In three-dimensions, above a cer-
tain density, the rodlike polymers self-assemble into a scaffold-like network,
which spans the available simulation volume. The structure is independent of
the attraction strength in the high attraction regime; an increasing attraction
strength simply leads to more stable networks. The analysis of the network
structure by graph theory shows that they are comparable to small-world net-
works.
Under shear, the scaffold network exhibits a complex, shear rate dependent
response. When the applied stress exceeds the yield stress, bonds break and
the system starts to flow. Thereby, the appearing structures depend on the
attraction strength and the shear rate. At low shear rates, the network becomes
more compact, while at medium rates, the network undergoes gradient shear
banding. Here, the non-sheared blocks with a reminiscent scaffold structure
in the flow-gradient plane are separated by highly sheared fluid layers. At
high shear rates, a paranematic phase of nearly independent rods is formed,
where rods exhibit fast tumbling motion. This behavior is also reflected in the
system viscosity, which exhibits shear thinning at high shear rates.
The comparison with two-dimensional simulations shows that network for-
mation is less pronounced in 2-D. System-spanning structures appear, but re-
quire larger attraction strengths. It is more difficult to form stable nodes and
clusters, and the systems exhibit many more defects. Correspondingly, the
structures break more easily under non-equilibrium conditions and almost no
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shear bands are formed. The viscosity exhibits shear thinning for a broad
range of shear rates.
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Zusammenfassung
Die Modellierung eines Gels aus stabartigen Polymeren und das Verständnis
seiner morphologischen und mechanischen Eigenschaften im Gleichgewicht
und unter Scherströmung steht im Mittelpunkt dieser Arbeit. Dazu werden
mesoskalige zwei-und dreidimensionalen Simulationen von Suspensionen
aus endfunktionalisierten Polymeren mittels eines hydrodynamischen Hy-
bridverfahrens, welches die Multiparticle-Collision-Dynamics (MPC) Meth-
ode – ein teilchenbasierter Ansatz zur Simulation einfacher Flüssigkeiten –
mit Molekulardynamik-Simulationen für die Polymere veknüpft. Ein ver-
gröbertes Modell halbsteifer Polymere wird als Modell für die Polymere
zugrundegelegt, bei dem die Steifigkeit über das Biegepotential kontrol-
liert wird. Die einzelnen Monomere der Modellpolymere sind rein repul-
siv, mit Ausnahme ihrer Enden, die sich gegenseitig über ein kurzreichweit-
iges Potential anziehen. Ausgehend von einer isotropen Suspension im Gle-
ichgewicht, bilden sich oberhalb einer kritischen Anziehung der Enden tem-
poräre physikalische Bindungen. Bei niedriger Dichte ergibt diese endliche
Cluster. Oberhalb einer gewissen Dichte treten selbstorganisierte, gerüstartige
Strukturen auf, die das dreidimensionale Volumen überspannen. Der Einfluss
der Anziehung und der Dichte auf die Netzwerkeigenschaften, wie Knoten,
Brücken und globale Clustering-Koeffizient, werden systematisch untersucht.
Unter einer Scherströmung zeigen die gerüstartigen Strukturen ein kom-
plexes, scherratenabhängiges Verhalten. Für niedrige und mittlere Scher-
raten spaltet sich das Netzwerk in Blöcke auf – es bilden sich Scherbän-
der. Dabei bleibt die Gerüststruktur in den Polymerclustern in der Ebene
senkrecht zur Scherung gröstenteils erhalten. Bei hohen Scherraten, richten
sich die Polymere entlang der Strömungsrichtung aus, die Netzwerkstruktur
löst sich auf und es bildet sich eine paranematischen Phase aus. Bei niedrigen
Schergeschwindigkeiten ist die Viskosität der Polymerlösung unabhängig von
der Strömung, während bei hohen Raten Scherverdünnung einsetzt.
In zweidimensionalen Systemen, bei denen die Polymere wesentlich stärker
in ihrer Dynamik eingeschränkt sind, ist die Strukturbildung weniger aus-
geprägt. Entsprechend brechen die Bindungen wesentlich leichter auf und es
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bilden sich kaum Scherbändern. Die Viskosität zeigt Scherverdünnung über
einen weiten Bereich von Scherraten.
End-functionalized rodlike colloid suspensions under shear flow. Farzaneh.Taslimi
V Appendix

End-functionalized rodlike colloid suspensions under shear flow. Farzaneh.Taslimi
129
A
Graph Theory
Graph theory started based on the "Königsberg bridge problem" by Leonhard
Euler (1707–1783) in 1736. The problem was: "is there any walk path over the
seven bridges of Königsberg, in which each bridge is passed exactly once?"
(Fig. A.1). After two centuries, the first book on graph theory was written by
König (Teubner, Leipzig, 1936). In the 20th century this field became popular
and has been extensively studied and developed since then [129].
Graph theory has a wide range of applications in mathematics and com-
puter science, geography and GIS (geographic information system), biology
and ecology, transportation engineering, social science and many other fields.
One of the fascinating applications of graph theory, which absorbed much
attention recently, is social networking. Finding communities, hierarchies and
substructures in social networks, such as Facebook, LinkedIn and Twitter, by
applying graph theory, is one of the latest topics in social science [130–134]. It
is also used to update the ranking of hyperlinks in the internet. Our GPS uses
as well an algorithm based on graph theory to find the shortest path.
An interesting study on scientific collaboration networks, based on the
graph theory can be found in Refs. [135, 136]. By using the data bases of
the scientific papers in physics, biomedical and computer science, networks
of the collaboration between the scientists in each of these fields have been
constructed.
A.1
Definitions
Depending on the application, people use various notation for the concepts in
graph theory, e.g., in social networks node and link are usually used instead of
vertex and edge, respectively, which are used in mathematic literature. Here,
we review the most basic mathematical concepts of graph theory [129, 137,
138].
Graph A set of G(V, E) with E ⊆ E(V) is called a graph on V, where
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(a) (b)
Fig. A.1 (a) Seven bridges of Königsberg; (b) the Eulerian path in dots-and-lines representa-
tion, which should cross over each bridge exactly once.
1. V = {v1, ..., vn} is a set of finite and nonempty members (|V| = n),
which are called G’s vertices.
2. E = {e1, ..., em} is a set of finite numbers (|E| = m), which are called
G’s edges. Each ei is a two-element subset ofV, i.e., ei = {v,w}, where
v,w ∈ V. The edge ei connects the vertices v and w. In a simple graph
there is no self-loops, therefore v #= w.
To have a pictorial representation, we can draw the graph by means of dots-
and-lines diagram, in which the dots represent the vertices and the lines that
connect the dots are the edges (see Fig. A.1 (b)).
Adjacency matrix A good way to represent a graph is applying an adjacency
matrix. Adjacency matrix A is a square matrix with number of columns equal
to the number of vertices in the graph. The element Aij of this matrix is equal
to 0 when two vertices i and j are not connected and 1 (> 1 in multi graphs)
when they are linked. In a simple graph the diagonal elements are 0.
Multigraph A general form of a graph, which is called a multigraph, contains
self-loops and parallel or multiple edges between vertices (see Fig. A.2 (a)).
A multigraph is defined as G(V, E,ψ), where E = {e1, ..., em} and ψ : E →
E(V)
⋃{vv|v ∈ V} is a function that connects unordered edges to each e ∈
E : ψ(e) = uv. A self-loop can be shown by ψ(ei) = vv and parallel edges
by ψ(ei) = ψ(ej) = uv. The Aij elements of a multigraph can be more than
unity, when we have parallel edges, and the diagonal elements in self-loops
are non-zero.
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(a) (b)
Fig. A.2 (a) Multigraph with self-loops and parallel edges; (b) Directed graph; in a directed
graph each edge has a direction.
Degree of a vertex The vertices u and v are adjacent or neighbors, if {uv} ∈ E.
The neighborhood of the vertex v is then defined as the set of
NG(v) = {u ∈ G|{uv} ∈ G}. (A.1)
The degree of vertex v, dG(v) is the number of its neighbors
dG(v) = |NG(v)|. (A.2)
Hence, if dG(v) = 0, then the vertex v is an isolated vertex in graph G. When
dG(v) = 1, the vertex v is called a leaf. The degree of a self-loop is counted for
2. Vertices with large degree are called hubs. There are usually small number
of hubs in a network.
Complete graph A complete graph is a simple graph with all possible edges.
A k-regular graph is a simple graph having vertices with the same degree of
k. A complete graph can be considered as a k-regular graph with k = n − 1
degree.
Directed graph In a directed graph or digraph each edge has a direction, hence
uv #= vu (see Fig. A.2 (b)). The edges in a digraph are written as ei = {vs, vt},
where vs is the source vertex and vt the terminal one. For each vertex v an in-
degree din(v) and an out-tdegree dout(v) are defined, which outline the number
of in-coming and out-going edges, respectively. For a balanced vertex din(v) =
dout(v).
Size and order The size of a graph is the number of vertices in V, i.e., |V| = n.
The order of a graph is defined as the total number of edges in E, i.e., |E| = m.
The minimum order of a graph is |E| = 0 (empty graph) and the maximum
order in a simple graph is |E| = n(n− 1)/2 (complete graph).
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Fig. A.3 Subgraph; when some vertices and corresponding edges are removed from a graph,
the remaining graph is a subgraph. The right hand-side graph is a subgraph of the left hand-
side, in which the vertex at center is removed.
Subgraph Graph G′(V′, E′) is a subgraph of G(V, E) if all vertices and edges
of G′(V′, E′) are member of G(V, E) set, i.e., V′ ⊆ V and E′ ⊆ E. When
a vertex v ∈ V disappears in G′(V′, E′), the incident edges with v must be
removed in E′ (see Fig. A.3).
Geodesic Geodesic between two vertices is the minimum number of edges
between them. When there is no path between two vertices, the geodesic dis-
tance is infinite. For connected networks the geodesic distance between two
arbitrary vertices is in average 6 degree of separation. In other words, if we
pick two people on the earth (randomly), then each of them know someone,
who knows someone, ..., who knows the other person. In such these kind of
stories, the word "know" repeated in average 6 times.
Network diameter The length of the longest geodesic path between any ar-
bitrary pair of vertices in the network—if there is at least a path connecting
them—is called the network diameter.
A.2
Clustering
Transitivity Relation ” ◦ ” is a transitive relation in mathematics, if a ◦ b and
b ◦ c, then it follows that a ◦ c, e.g., ” = ” is a transitive relation, since, if a = b
and b = c, then a = c. The zeroth law of thermodynamics also describes a
transitive relation called thermal equilibrium.
The simplest relation between a pair of vertices in a graph is connectivity by
an edge. When vertex v is connected to vertex u, and u is connected to w, if
v and w are connected, then their connectivity is a transitive relation. These
three vertices (u, v,w) make a triangle.
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(a) (b) (c)
Fig. A.4 (a) The path uvw (solid edges) is a closed triplet if u and w are directly connected
(the dashed edge). (b) The structural holes; when the neighbors of a vertex are not connected,
the structural holes (red ellipsoids) appear in the network. (c) A circle network model with
c = 4 nearest vertices connected.
Transitivity is a factor of connectivity of a network. Perfect transitivity oc-
curs when all vertices are connected to all others, which happens only in com-
plete graphs. In large networks, partial transitivity is a useful concept.
A.2.1
Global clustering coefficient
In a network, when v is connected to u and u is connected to w, they form a
path of two edges (vuw) or a triplet. If v and w are connected to each other, as
well, they form a triangle or a closed triplet (see Fig. A.4 (a)).
We define global clustering coefficient for a simple graph as
C =
number o f closed triplets
number o f paths o f length two
=
3× number o f triangles
number o f triplets
. (A.3)
When C = 1 the perfect transitivity occurs. C = 0 implies no triangle or
closed triplet (it occurs in some networks such as squared lattices). For di-
rected graphs the factor 3 in clustering coefficient turns to 6, since (vuw) and
(wuv) are two different paths.
Global clustering coefficient provides an overview of connectivity in a net-
work.
A.2.2
Local clustering coefficient
We can calculate the clustering coefficient for a single vertex i.
Ci = 2× number o f triangles with vertex i as a cornerKi(Ki − 1) , (A.4)
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where Ki is the degree of vertex i. In calculation of Ci, we consider all distinct
pairs of vertices that are neighbors with vertex i. We count the number of
pairs that are connected in the neighborhood of vertex i and divide by the
total number of triangles, which are possible to be formed with i. The total
number of triangles of i with Ki neighbors is 1/2Ki(Ki − 1).
Ci represents the average probability that a pair of neighbors of vertex i are
connected. Vertices with higher degree have a lower clustering coefficient in
average.
Local clustering coefficient is a probe for the structural holes that show
the missing connections between the neighbors of a vertex (see Fig. A.4 (b)).
Hence, the lower Ci means more structural holes around i.
The average local clustering coefficient C¯ is defined as
C¯ =
1
n
n
∑
i=0
Ci, (A.5)
where n is the total number of vertices in the graph. By averaging the local
clustering coefficient we can have an estimation of connectivity in whole net-
work.
A.3
Network models
A.3.1
Random networks
A random graph is a network model, which was initiated by Erdös and Rényi
in 1959 [84]. The simplest form of a random graph is a network in which the
number of vertices and edges are fixed to n and m, respectively. In this model
the m edges are placed randomly among vertices.
The probability of connecting each pair of vertices is equal to p, which is 0 <
p < 1. The probability of drawing a graph with m edges from the ensemble,
P(m), is defined as
P(m) =
(
(n2)
m
)
pm(1− p)(n2)−m, (A.6)
where (n2) is the binomial expression. The average degree in a random net-
work is 〈k〉 = m/n. The average degree can also be obtained by using P(m),
as follows
〈k〉 =
(n2)
∑
m=0
2m
n
P(m) =
2
n
(
n
2
)
p = (n− 1)p. (A.7)
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The degree distribution of a random graph is [87]
Pk =
(
n− 1
k
)
pk(1− p)n−1−k, (A.8)
which is a polynomial distribution that in the limit of large ns gives Poisson
distribution
Pk =
e−〈k〉 〈k〉k
k!
. (A.9)
Since the probability that two arbitrary vertices are neighbors in a random
network is the same (p), then the clustering coefficient of a random graph is
obtained as follows
C = p =
〈k〉
n− 1 . (A.10)
This is one of the characteristic properties that varies a random network from
other types of networks. The network diameter of a random network is esti-
mated as [84, 86]
l ≈
ln
(
n
〈k〉
)
ln
( 〈k2〉−〈k〉
〈k〉
) , (A.11)
which is one of the characteristic properties of a random network.
A.3.2
Small-world networks
A simplistic model for networks is to arrange the vertices in a one-dimensional
line in which each vertex is connected to the c nearest vertices (c is an even
number) by an edge. By applying periodic boundary conditions to this sys-
tem, the line bends around and makes a circle (see Fig. A.4 (c)). The circle
model possesses a high transitivity, but large path length [82].
In 1998 Watts and Strogatz (WS) initiated a small − world network model,
which displays high transitivity (like the circle model) and short path length
(like the random graphs) [99].
The small-world network combines the random graph and circle model by
moving the edges from the circle to random positions. The moved edges are
called shortcuts, since they create new paths from one part of the circle to
another.
In the circle model every vertex has the same degree of c (circle model is a
c-regular model). When a shortcut is added to a vertex, the degree of vertex
becomes c plus number of shortcuts coming to it. In average cp shortcuts come
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to any particular vertex. The number of shortcuts attached to each vertex is
s with average cp. The distribution of the number of attached shortcuts is a
Poisson distribution
Ps =
e−cp(cp)s
s!
. (A.12)
The total degree of a vertex is k = s+ c. Therefore, the degree distribution of
the small-world network can be obtained by replacing s = k − c in equation
(A.12). For k ≥ c the degree distribution is
Pk =
e−cp(cp)k−c
(k− c)! . (A.13)
For k < c, Pk = 0.
Since the average degree in WS is cp, clustering coefficient is defined by
replacing cp to 〈k〉 in equation (A.10)
C =
cp
n− 1 . (A.14)
The global clustering coefficient in WS networks is larger than in random net-
works, in average. The network diameter of a WS network can be obtained
as [82]
l =
ln(ncp)
c2p
, (A.15)
which is much smaller than the diameter of a random graph.
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List of abbreviations and symbols
Abbreviations
MPC multiparticle collision dynamics
MD molecular dynamics
SRD stochastic rotation dynamics
2-D two-dimensions
3-D three-dimensions
fcc face-centered cubic
hcp hexagonal close-packed
E-R Erdös-Rény random network
WS Watts-Strogatz small-world network
parameters in Navier-Stokes equation
ρ fluid density
u flow velocity
t time
p pressure
ηs solvent viscosity
f(t) external volume force
σ stress tensor
I identity tensor
T deviatoric stress tensor
ζ friction coefficient
v particle velocity
D diffusion coefficient
kB Boltzmann constant
T temperature
RS Stokes radius
RH hydrodynamic radius
Nm number of monomers in a chain
D|| parallel translational diffusion coefficient
D⊥ perpendicular translational diffusion coefficient
ψ correction factor for the geometry
138 B List of abbreviations and symbols
Lr polymer length
lb monomer size
DG three-dimensional diffusion coefficient
Dr rotational diffusion coefficient
MPC and MD parameters and variables
m mass of MPC solvent particles
M monomer mass
ri position of the i-th particle
vi velocity of the i-th particle
Fi force acting on the i-th particle
∆tMD MD time step
Ub harmonic potential
κb spring constant
Ubend bond bending potential
Kbend bending constant
Ri bond vector
lp persistence length
Lr polymer length
lb monomer size
KBT temperature
Fbend bending force
Nt total number of monomers in the system
Np number of polymers
ULJ Lennard-Jones potential
* Lennard-Jones potential depth
σ excluded volume parameter
rc Lennard-Jones potential cutoff radius
h collision time
((α) stochastic rotation matrix
α rotation angle for the relative velocities in MPC collision step
λˆ mean free path of particles
a cell size
L simulation box size
ρ average solvent particle number in each box of MPC fluid
Nic number of the solvent particles in the i-th cell
Ek kinetic energy
ci scaling factor
ux shear velocity
γ˙ shear rate
ηkin kinetic viscosity
ηcoll collisional viscosity
139
V volume of system
Ns number of solvent particles
∆pi transferred momentum for each particle
Rn lattice vector
φ volume fraction
r′c attraction distance
ζ ′ attraction range
θ angle between end-to0end vector of a rod and shear gradient
θij angle between en-to-end vectors of two neighboring rods
S(q) structure factor
q scattering wave vector
λ scattering wavelength
Pnode probability of nod formation
Nnode number of nodes
C global clustering coefficient
Rn node radius
ρn monomer density inside node
l network diameter
γ strain
Ci local clustering coefficient for the i-th node
Ki number of neighboring nodes of the i-th node
C¯ average local clustering coefficient
τ relaxation time
Cu(t) time correlation function
ξ mesh size
Wi Weissenberg number
Wiband Weissenberg number in shear band
σxy shear stress
κtrap spring constant of trap
Utrap trap harmonic potential
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